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> ?@ ABC ? B D E FG H AIJKG L?C AI> ?@ ABC ? B D E FGH AIJKG L?C AI> ?@ ABC ? B D E FG H AIJKG L?C AI> ?@ ABC ? B D E FGH AIJKG L?C AIM N OP QP R ST SP UV W WP X SY SR V R Z[R\TP] Q O\ ^ SYV T\ WPX SY _M N O\^ SYVT\ WP X SY V^^ R ` ab cdef eg hi` ab cd ef eg hi` ab cdef eg hi` ab cd ef eg hi j
∃ kT l\ O\ \m SRTRn
∀ k]P O V WWnM o l\ R\ V ^^ ST SP UV W YP p QP U\ UTR V WWPq ZR TP\m QO\RR O\ WVT SP UR l SQR Q OP QPR ST SP UV W WPX SYYV UUP T \m QO\RR _
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r s stAIJK A? Bu ?v E FG H AIJKG L? C AIr ss tAIJK A? Bu ?v E FGH AIJKG L?C AIr s stAIJK A? Bu ?v E FG H AIJKG L? C AIr ss tAIJK A? Bu ?v E FGH AIJKG L?C AIM w\V RP U SUX SU xV Tl\ p VT SYR y N l SWPRP Q lz y {M w\V RP U SUX V [P ZT | P p QZT\ O N OP X OV p RM } P]Tq V O\ ~ \ OS] SYVT SP UM � OT S] SY SV W �UT\ WWSX \ UY\
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r B �� J � stG ?v E FGH AIJKG L? C AIr B �� J � stG ?v E FG H AIJKG L?C AIr B �� J � stG ?v E FGH AIJKG L? C AIr B �� J � stG ?v E FG H AIJKG L?C AI
�� h� b �ei ec� d�g b h� a� g cd ��� h� b �ei ec� d�g b h� a� g cd��� h� b �ei ec� d�g b h� a� g cd ��� h� b �ei ec� d�g b h� a� g cd�
man(x) � �x �� � � � �� mortal(x) � �x �� � � ��� ��
��� �� �� � �  �¡�¢� £¤¥¡¦ ��¢�  �  � �� � ¤§ ¨� ��©¡ �� ª ¥¡¦ ��¢�  �  � ¡ �¢� £¤��� �� �� � �  �¡�¢� £¤¥¡¦��¢�  �  � �� � ¤§ ¨� ��©¡ �� ª ¥¡¦��¢�  �  � ¡�¢� £¤ «¬® ¯° °±²³ ´µ¶° ¯²³
∀x (man(x) → mortal(x))
man(socrates)

mortal(socrates)

∀x (man(x) → mortal(x))
man(socrates)

mortal(socrates)

«¬® ¯° °±²³ ´µ¶° ¯²³
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E FGH AIJKGuE FG H AIJKGuE FGH AIJKGuE FG H AIJKGuM N O\^ SYVT\R V O\ ZR\^ TP ^\ RY OS[\QOP Q\ OT S\R P] P [· \YTR P O O\ WVT SP UR [\Tq \\ UT l\ p _M � QO\^ SYVT\ q STl P U\ V OX Zp \ UT ^ \RY OS[\RT l\ QOP Q\ OTz P] V U P [· \YT ¸\ _X _ mortal(x)¹M � QO\^ SYVT\ q STl R\º \ OV W V OX Zp \ UTR^\ RY OS[\ R V O\ WVT SP U [\Tq \\ U P [· \YTR¸\ _X _ smaller(x, y)¹
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r K? � u ?v E FGH AIJKG L?C AIr K? � u ?v E FG H AIJKG L? C AIr K? � u ?v E FGH AIJKG L?C AIr K? � u ?v E FG H AIJKG L? C AI¼�� ½�� �� �� �� � ��¾ �¿ À�� ÁÂÃ ÁÃÄ ÅÆ ÅÃ ÇÄÁÂÃ ÁÃÄ ÅÆ ÅÃ ÇÄÁÂÃ ÁÃÄ ÅÆ ÅÃ ÇÄÁÂÃ ÁÃÄ ÅÆ ÅÃ ÇÄ
pÈ p1È p2ÈÉ È qÈ r ÈÉ¼�ÊË �¿��Ê ��¾ �¿ �Ê ½ �� ¿Ê� �À �� ÌÍ ÁÂÎÏ ÅÐÑÆÎÄÁÂÎÏ ÅÐÑÆÎÄÁÂÎÏ ÅÐÑÆÎÄÁÂÎÏ ÅÐÑÆÎÄ

p(T1,T2,…,Tn)Ò ÀÊ �Ê T1,T2,…,Tn � �Ê ÆÎÂÓÄÆÎÂÓ ÄÆÎÂÓÄÆÎÂÓ Ä ÔÕ Ê �� � ¿� � ÌÊÖ × ÑÂÅÑ ØÙÎÄ× Ñ ÂÅÑ ØÙÎÄ× ÑÂÅÑ ØÙÎÄ× Ñ ÂÅÑ ØÙÎÄ Ú x È x1È x2È y È z È ÉÖ ��� Ê� �Û � ÌÜ Ê¿�� Ú aÈ a1È a2È bÈ cÈ É �ÐÃ ÇÄÆÑ ÇÆÄÐÃ ÇÄÆÑ ÇÆÄÐÃ ÇÄÆÑ ÇÆÄÐÃ ÇÄÆÑ ÇÆÄ�Ö ¿� ����Ý¿�ÊË Ý� ��¾ ÞßÇÐÆ ÅÃ ÇÄÞßÇÐÆ ÅÃ ÇÄÞßÇÐÆ ÅÃ ÇÄÞßÇÐÆ ÅÃ ÇÄ Ú f(x) È f(g(x,a))È É
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�G s FGuG BKJK A? B ?v ���G IKu�G sFGuG BKJK A? B ?v ���GIKu�G s FGuG BKJK A? B ?v ���G IKu�G sFGuG BKJK A? B ?v ���GIKuN O\ ^ SYV T\ WPX SY TV W�R V [P ZT ���g�di���g�di���g�di���g�di _	 [· \YTR YV U [\ O\]\ O\ UY\^ ZR SUX jM ~ V OSV [W\ Rz p [P WR j x y y y z y x1
y y1

y z1
y {M | P URTV UT Rz p [P WR j socratesy 0y 1y ay by {M 
Z UYT SP U Rz p [P WR j f(x) y plus(0,1)y {� WW Tl\ V [Pº\ q SWW [\ YV WW\^ dg h� idg h� idg h� idg h� i _
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� AFuK� AFuK� AFuK� AFuK����� FH G F  AC BJK� FG� FHG F  AC BJK�FG� FH G F  AC BJK� FG� FHG F  AC BJK�FG�Gv ABAK A? B D�Gv ABAK A? B D�Gv ABAK A? B D�Gv ABAK A? B D� i e� cbdahgi e� cbdahgi e� cbdahgi e� cbdahg SR V T OSQW\ Σ � ¸
P

y
F

y
V ¹ y q l\ O\�

P
SR V ] SU ST\ R\ T P] �hg� e�bdg i�� �� �i�hg� e�bdg i�� �� �i�hg� e�bdg i�� �� �i�hg� e�bdg i�� �� �i ��

F
SR V ] SU ST\ R\ T P] f ac�d e� c i�� �� �if ac�d e� c i�� �� �if ac�d e� c i�� �� �if ac�d e� c i�� �� �i ��

V
SR V ] SU ST\ R\ T P] �b heb� �g i�� �� �i�b heb� �g i�� �� �i�b heb� �g i�� �� �i�b heb� �g i�� �� �i _M �VY l QO\^ SYVT\ V U^ ] ZUYT SP U Rz p [P W lVRV U VTTVY l\^ b hed�b hed�b hed�b hed� y S_\ _ V U Zp [\ O S^\ UT S]z SUXTl\ UZp [\ O P] V OX Zp \ UTR ST YV U TV �\ _
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�� J � s tG�� J � stG�� J � s tG�� J � stG
∀x (man(x) → mortal(x))
man(socrates)

mortal(socrates)

∀x (man(x) → mortal(x))
man(socrates)

mortal(socrates)

x ∈ V� ×Ñ ÂÅÑ ØÙÎ× ÑÂÅÑ ØÙÎ×Ñ ÂÅÑ ØÙÎ× ÑÂÅÑ ØÙÎ �Í � Ì� � mortal∈ P� ��������ÑÂ� ÁÂÎÏ ÅÐÑÆÎÑÂ� ÁÂÎÏ ÅÐÑÆÎÑÂ� ÁÂÎÏ ÅÐÑÆÎÑÂ� ÁÂÎÏ ÅÐÑÆÎ �Í � Ì� �
socrates∈ F� ��������ÑÂ� ÞßÇÐÆ ÅÃ ÇÑÂ� ÞßÇÐÆ ÅÃ ÇÑÂ� ÞßÇÐÆ ÅÃ ÇÑÂ� ÞßÇÐÆ ÅÃ Ç �Í � Ì� �È�ÔÊ Ô � ÐÃ ÇÄÆÑÇÆÐÃ ÇÄÆÑÇÆÐÃ ÇÄÆÑÇÆÐÃ ÇÄÆÑÇÆ �Í � Ì� �
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�? BuKF�IK ABC �G F� u�? BuKF�IK ABC �G F� u�? BuKF�IK ABC �G F� u�? BuKF�IK ABC �G F� u gf ec ed e� c� gf eced e� c� gf ec ed e� c� gf eced e� c�!Ê� Σ = "P È F È V # ÌÊ � � �¾ ���Ý�Ê ÔÕ ÀÊ � Ê� $%&'$%&'$%&'$%&'ΣΣΣΣ �Û �Ê �� � Û� � Σ �� ËÊÛ ��ÊË�Ê¿Ý�� �(Ê �Í Ú
� )� � Ê�¿ À x ∈ V È Ò Ê À�(Ê x ∈ $%&'$%&'$%&'$%&'ΣΣΣΣ Ô
� *Û a ∈ F �� � ¿� ���� �� �Í � Ì� �È �ÀÊ � a ∈ $%&'$%&'$%&'$%&'ΣΣΣΣ Ô
� *Û f ∈ F �� � � n+� �Í ÛÝ�¿� �� � �Í � Ì� �È n ≥ , È � �Ë

T1ÈÉ ÈTn ∈ $%&'$%&'$%&'$%&'ΣΣΣΣ È �ÀÊ � f(T1,…,Tn) ∈ $%&'$%&'$%&'$%&'ΣΣΣΣ Ô
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E FGH AIJKG L?C AI �? F�� tJuE FG H AIJKG L? C AI �? F�� tJuE FGH AIJKG L?C AI �? F�� tJuE FG H AIJKG L? C AI �? F�� tJu gf ec ed e� c� gf eced e� c� gf ec ed e� c� gf eced e� c�!Ê� Σ = "P È F È V # ÌÊ � � �¾ ���Ý�Ê ÔÕ ÀÊ � Ê� - ..- ..- ..- ..ΣΣΣΣ �Û Ò Ê ��+Û� �� ÊË Û� �� Ý ��� �Û½�ÊË �¿��Ê �� ¾ �¿ Û� � Σ �� ËÊÛ ��ÊË �Ê¿Ý�� �(Ê �Í Ú
� *Û p∈P �� � � n+� �Í ½�ÊË �¿��Ê �Í � Ì� �È� �Ë T1,…,Tn ∈ $ %&'$%&'$%&'$%&'ΣΣΣΣ È �ÀÊ � p(T1,…,Tn) ∈ - ..- ..- ..- ..ΣΣΣΣ Ô
� *Û A/ B ∈- ..- ..- ..- ..ΣΣΣΣ È �ÀÊ � true È false ∈ - ..- ..- ..- ..ΣΣΣΣ È

¬A È (A∧B) È (A∨B) È (A→B) È (A↔B) È (A⊕B) ∈ - ..- ..- ..- ..ΣΣΣΣ Ô
� *Û x ∈V � �Ë A ∈- ..- ..- ..- ..ΣΣΣΣ È �ÀÊ � ∀x A È ∃x A ∈ - ..- ..- ..- ..ΣΣΣΣ Ô
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�� J � stG u�� J � s tGu�� J � stG u�� J � s tGuo l\ O\ \m SRTR V p V U _
∃x man(x)} PY OVT\ R lVR V QV O\ UT _
∃x parent(x, socrates)�º \ Oz p V U lVR V QV O\ UT _
∀x (man(x) → ∃y parent(y, x))�º \ Oz p V U q lP lV R V Y l SW^ SR lV Q Qz _
∀x (man(x) ∧ ∃z parent(x, z) → happy(x))
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I? sG ?v J � �J BK Av AG FI? sG ?v J � �J BK Av AG FI? sG ?v J � �J BK Av AG FI? sG ?v J � �J BK Av AG F
∀x (man(x) ∧ ∃y parent(x, y) → brother(x, z))�¿� ½Ê �Û ∃y

�¿� ½Ê �Û ∀x

.ÂÎÎ. ÂÎÎ.ÂÎÎ. ÂÎÎ �¿¿ Ý��Ê �¿Ê �Û z.

� ¿¿ Ý��Ê �¿Ê �Û x ØÃ ßÇÏØÃ ßÇÏØÃ ßÇÏØÃ ßÇÏ �� ∀x.
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�FG G �J FAJ� tGu� FGG �J FAJ� tG u�FG G �J FAJ� tGu� FGG �J FAJ� tG uM � º V OSV [W\ x
T lVT ^P\ R UP T PYY ZO SU T l\RYP Q\ P] V Uz �ZV UT S] S\ O OV UX SUX Pº \ O x SRYV WW\^ fhggfhggfhggfhgg _M o l\ p \ V USUX P] ] O\ \ º V OSV [W\R SR Z UY W\V O_M o l\ O\]P O\ y q \ QO\]\ O TP YP UR S^ \ O ]P Op ZWVRq STlP ZT V Uz ] O\\ º V OSV [W\ R _M } ZY l ]P Op Z WV R V O\ YV WW\^ � ��ig�� ��ig�� ��ig�� ��ig� ]P Op ZWVR _
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> ? FG �� J � s tGu> ? FG �� J � stGu> ? FG �� J � s tGu> ? FG �� J � stGu? � G � JK�G � JK AIu? � G � JK�G � JK AIu? � G � JK�G � JK AIu? � G � JK�G � JK AIu ����
P O \º \ Oz UV TZ OV W UZp [\ O x y T l\ O\ \m SRTR VUVT ZOV W UZp [\ O y X O\V T\ O T lV U x _
∀x (nat(x) → ∃y (nat(y) ∧ gt(y,x)))
P O V WW UV TZ OV W UZp [\ OR x V U^ y y x SR X O\ VT\ OT lV U P O W\ RR T lV U y y P O T l\z V O\ \�ZV W_

∀x∀y (nat(x) ∧ nat(y) →
(gt(x,y) ∨ gt(y,x) ∨ eq(x,y)))
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E FA� AK A@ G � BI ?H ABC ?v ��� �G FuE FA� AK A@ G � BI? H ABC ?v ����G FuE FA� AK A@ G � BI ?H ABC ?v ��� �G FuE FA� AK A@ G � BI? H ABC ?v ����G Fu�P U	U\ XVT Sº\ SUT\X\ OR YV U [\ Y lV OV YT\ OSR\^ZR SUX Tq P ] ZUYT SP U Rz p [P WR j
 | P URTV UT Rz p [P W 0 ¸k�\ OPn¹
 �UV Oz ] ZUYT SP U Rz p [P W s
¸kR ZYY\RRP On¹o lSR \ UV [W\ R ZR TP \ UYP^\ U Zp [\ OR j

0 1 2 3 …
0 s(0) s(s(0)) s(s(s(0))) …
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> ? FG �� J � stG u> ? FG �� J � s tGu> ? FG �� J � stG u> ? FG �� J � s tGui ec� d�g �he� ed e�g ca� �g h g c��� ec�i ec� d�g �he� ed e�g ca� �g h g c��� ec�i ec� d�g �he� ed e�g ca� �g h g c��� ec�i ec� d�g �he� ed e�g ca� �g h g c��� ec� ����
∀x (nat(x) → gt(s(x),0))

∀x∀y (nat(x) ∧ nat(y) →
(gt(x,y) → gt(s(x),s(y))))

∀x (nat(x) → ( eq(x,0) ∨
∃y (nat(y) ∧ eq(x,s(y))))
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�G J H ABC�G J H ABC�G J H ABC�G J H ABC
Huth & Ryan:

Sections 2.1–2.2
pp. 93–107.


