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> ?@A BC D E F @ GABHCI> ?@A BC D E F @ GA BHC I> ?@A BC D E F @ GABHCI> ?@A BC D E F @ GA BHC I
∀x (nurk(x) ∧ ∃y lop(x, y) → meve(x))D E F @ GABHC BC @ JK LA MD E F @ GABHC BC @ JK LA MD E F @ GABHC BC @ JK LA MD E F @ GABHC BC @ JK LA MN O PQ PRS T U� V �VW XY Z [Y \] ^ _Z `N O PQ a R Z b Y \_c d c a Xa \] PRa b eaX ea \ Z[Y \] ^ _Z Pf gh iU PR X eZX b Y \_c `
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jkK F l kK mK C BA BK G@ n AK l kE o BH@AE pK q BHjkK F l kK mK C BA BK G@ n AK l kEo BH@AE pKq BHjkK F l kK mK C BA BK G@ n AK l kE o BH@AE pK q BHjkK F l kK mK C BA BK G@ n AK l kEo BH@AE pKq BHr st u vw uwx yz yw t{ | |w} y~ � uw xx y� |� � w v|� x { v�~ �{ v{ ~z� vyx� � z �� ytz� vuv�z{z yw t w���� ��� �� �� �� � �� ��� ������� ��� �� �� �� � �� ��� ������� ��� �� �� �� � �� ��� ������� ��� �� �� �� � �� ��� ���� ��� w ~ v{z�x yx { � { t� →
�� w~ v{z� x yx � w vz{ |�r st u v� � y~{ z� |w} y~ � � � �{� � zw ~w tx y� � v� �� ����� �� ����� �� ����� �� ���� yt {�� yz yw t �

∀x (man(x) → mortal(x))
man(socrates)→ mortal(socrates)
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> ?@A BC @ G �GAE kmkEA@ABK GI> ?@A BC @ G �GAE kmkE A@ABK GI> ?@A BC @ G �GAE kmkEA@ABK GI> ?@A BC @ G �GAE kmkE A@ABK GI� �� ����� ��� ��� � ���� ���� � � ���� �� ����� ��� ��� � ���� ���� � � ���� �� ����� ��� ��� � ���� ���� � � ���� �� ����� ��� ��� � ���� ���� � � ���     
nurk(dork)

∀x (nurk(x) ∧ ∃y lop(x, y) → meve(x))¡ � ���� ������� �� � ¢ £�� ��� �£� � ¤¡ � ���� ������� �� � ¢ £�� ��� �£�� ¤¡ � ���� ������� �� � ¢ £�� ��� �£� � ¤¡ � ���� ������� �� � ¢ £�� ��� �£�� ¤
� ¥ ¦§ ¨ §© ª« ª ¬ §®©¨ ©¦¯© §° ±¨© ±² ©¦§ ³ ª ´µ¶ ·
� ¥ ¦§ ¸ §¯ ² ±²¹ ª« ©¦§ º´§¶ ±®¯©§ ¨» ¸ ¬ª µ¨ nurk¼

lop¼ ¯ ²¶ meve·
� ¥ ¦§ ¸ §¯ ² ±²¹ ª« ©¦§ ®ª ²¨©¯ ²© ¨» ¸ ¬ª µ dork·
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¾E¿ BG BA BK G K¿ @ G �GAE km kEA@A BK G¾E¿ BGBA BK G K¿ @ G �GAE kmkE A@A BK G¾E¿ BG BA BK G K¿ @ G �GAE km kEA@A BK G¾E¿ BGBA BK G K¿ @ G �GAE kmkE A@A BK GÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÈ§© Σ = (P ¼ F ¼ V ) ¬§ ¯ ¨ ±¹ ²¯©É´§ ·Ê ² ÃÄÅÁËÌËÁÅÍÅ ÃÆ ÄÃÄÅÁËÌËÁÅÍÅ ÃÆ ÄÃÄÅÁËÌËÁÅÍÅ ÃÆ ÄÃÄÅÁËÌËÁÅÍÅ ÃÆ Ä «ª ´ Σ ±¨ ¯ º¯ ±´ I = (D ¼ F) ¼ ³ ¦§ ´§ÎD ±¨ ¯ ¨§© ¼ ®¯ µµ§¶ ©¦§ ÏÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁÏÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑ ÁÏÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁÏÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑ Á ª« I ·ÎF ±¨ ¯ «É ²®© ±ª ² ¼ ¯¨¨ ±¹ ² ±²¹ ©ª § ¯®¦ Ô
• nÕ¯ ´» º´§¶ ±®¯©§ ¨» ¸ ¬ª µ p ∈ P Ö¯ ² nÕ¯ ´» ´§ µ¯© ±ª ² pI ⊆ Dn ·× ®ª ²¨©¯ ²© ¨» ¸ ¬ª µ a ∈ F  Ö ¯ ² § µ§¸ § ²© aI ∈ D ·
• nÕ¯ ´» «É²®© ±ª ² ¨» ¸ ¬ª µ f ∈ F ¼ n ≥ Ø Ö¯ ² nÕ¯ ´» «É²®© ±ª ² f I: Dn → D ·× Ù ¯ ´±¯ ¬ µ§ ¨» ¸ ¬ª µ x ∈ V  Ö ¯ ² § µ§¸ § ²© xI ∈ D ·
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Ú G ÛÜ @ F m nEÚ G ÛÜ @ F mnEÚ G ÛÜ @ F m nEÚ G ÛÜ @ F mnE
∀x (nurk(x) ∧ ∃y lop(x, y) → meve(x))ÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑ Á ÇÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑ Á Ç

D = { {, �, ~, �}ÝÝÝÝÞÞÞÞ¯ ÞÞÞÞÞÞÞÞ¶ ÝÝÝÝÞÞÞÞ® ÞÞÞÞÞÞÞÞ¬ meveInurkI ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝ®ÝÝÝÝÝÝÝÝÞÞÞÞÝÝÝÝ¬ ÝÝÝÝÝÝÝÝ¯ ÝÝÝÝÞÞÞÞ¶ ÝÝÝÝÝÝÝÝ® ÞÞÞÞÞÞÞÞ¬ ¶¯lopI

ßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ Ç
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�K F m nEA BGq A?E ÛÜ @ F mnE�K F mnEA BGq A ?E ÛÜ @ F m nE�K F m nEA BGq A?E ÛÜ @ F mnE�K F mnEA BGq A ?E ÛÜ @ F m nE
nurk(dork)

∀x (nurk(x) ∧ ∃y lop(x, y) → meve(x))ÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ Ç
D = { ¯, ¬, ®, ¶}ßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ �ËÁÏ ÃÒÍÅÁ ÑàÐ áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ �ËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ �ËÁÏ ÃÒÍÅÁ ÑàÐ áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ �ËÁÏ ÃÒÍÅÁ Ñà Ð áÆ âÑ Ç
nurkI ¼ lopI ¼ meveI ��� � ��	
 �� �	 �� �	�ßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÝÓÄÒÅ ÃÆ Ä Í ÄÏ � Æ ÄÑÅÍ ÄÅ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÝÓÄÒÅ ÃÆ Ä Í ÄÏ � Æ ÄÑÅÍ ÄÅ ÑàÐ áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÝÓÄÒÅ ÃÆ Ä Í ÄÏ � Æ ÄÑÅÍ ÄÅ Ñà Ð áÆ âÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÝÓÄÒÅ ÃÆ Ä Í ÄÏ � Æ ÄÑÅÍ ÄÅ ÑàÐ áÆ âÑ Ç
dorkI = ¶� ÑÑ Ã� ÄÐ Á ÄÅ ÆÂ � Í ËÃÍ áâÁ Ñà Ð áÆâÑ Ç� ÑÑ Ã� ÄÐ Á ÄÅ ÆÂ � Í ËÃÍ á âÁ ÑàÐ áÆâÑ Ç� ÑÑ Ã� ÄÐ Á ÄÅ ÆÂ � Í ËÃÍ áâÁ Ñà Ð áÆâÑ Ç� ÑÑ Ã� ÄÐ Á ÄÅ ÆÂ � Í ËÃÍ á âÁ ÑàÐ áÆâÑ Ç
xI = ¯ ¼ yI = ¬

��������� ! "#$%&'# () * +, -./0 ,12 /*3 �4 56 /76*� 8 * , 5 +61, 56.6.96 � 56 /76*� 2:;<#  

ÛÜAE Go BGq @ G �GAE km kEA@A BK GÛÜ AE Go BGq @ G �GAE kmkEA@A BK GÛÜAE Go BGq @ G �GAE km kEA@A BK GÛÜ AE Go BGq @ G �GAE kmkEA@A BK G� t ytz� vu v� z{ z yw t ~ w tx yxzx w�� �ª¸ ¯ ±² ª« ¶ ±¨®ª É´¨§� �²©§ ´º´§©¯© ±ª ² ª« º´§ ¶ ±®¯©§ ¨» ¸ ¬ª µ¨� �²©§ ´º´§©¯© ±ª ² ª« «É²®© ±ª ² ¨» ¸ ¬ª µ¨� � ¯ ´±¯ ¬ µ§ ¯¨¨ ±¹ ²¸ § ²©� y� � t z �� x � ~w � uw t� tzx � � � ~{ t � �z� v� yt�� ©¦§ ±²©§ ´º´§©¯© ±ª ² ª« ©§ ´¸ ¨ ±² Þ � � �Þ � � �Þ � � �Þ � � �
ΣΣΣΣ �� ©¦§ © ´É©¦ Ù ¯ µÉ§ ª« «ª ´¸ É µ¯¨ ±² � Ý Ý� ÝÝ� Ý Ý� ÝÝ

ΣΣΣΣ ·
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�GAE kmkEA BGq ! E kF C�GAE km kEA BGq ! E kF C�GAE kmkEA BGq ! E kF C�GAE km kEA BGq ! E kF CÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÈ§© Σ = (P ¼ F ¼ V ) ¬§ ¯ ¨ ±¹ ²¯©É´§ ¼ ¯ ²¶ µ§© I = (D ¼ F)¬§ ¯ ² ±²©§ ´º´§©¯© ±ª ² «ª ´ Σ ·¥ ¦§ ² ³ § ®ª ²¨ ±¶§ ´ I ¯¨ ¯ ¸ ¯ º I :
Þ � ��Þ � � �Þ � ��Þ � � �

ΣΣΣΣ → D ¯¨«ª µµª³ ¨ "
� I (x) = xI «ª ´ §¯® ¦ Ù ¯ ´±¯ ¬ µ§ ¨» ¸ ¬ª µ x ∈ V ·
� I (a) = aI «ª ´ §¯® ¦ ®ª ²¨©¯ ²© ¨» ¸ ¬ª µ a ∈ F ·
� I (f(T1,…,Tn)) = f I(I(T1),…,I(Tn))«ª ´ §¯® ¦ nÕ¯ ´» «É²®© ±ª ² ¨» ¸ ¬ª µ f ∈ F ·

I ¯¨¨ ±¹ ²¨ ©ª §¯® ¦ ©§ ´¸ ±² Þ � � �Þ � � �Þ � � �Þ � � �
ΣΣΣΣ ¯ ² ª ¬ §®© ±² D ·

��������� ! "#$%&'# () * +, -. /0 ,12 /*3 �4 56 /76*� 8 * , 5 +61, 56 .6.96 � 56 /76*� 2:;<# #�

�GAE km kEA BGq jK kF L n@ C�GAE kmkEA BGq jK kF Ln@ C�GAE km kEA BGq jK kF L n@ C�GAE kmkEA BGq jK kF Ln@ CÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄ ÃÅ ÃÆ Ä ÇÀÁÂ ÃÄÃÅ ÃÆ Ä ÇÀÁÂ ÃÄ ÃÅ ÃÆ Ä ÇÈ§© Σ = (P ¼ F ¼ V ) ¬§ ¯ ¨ ±¹ ²¯©É´§ ¼ ¯ ²¶ µ§© I = (D, F)¬§ ¯ ² ±²©§ ´º´§©¯© ±ª ² «ª ´ Σ ·¥ ¦§ ² ³ § ®ª ²¨ ±¶§ ´ I ¯¨ ¯ ¸ ¯ º I : � ÝÝ� ÝÝ� ÝÝ� ÝÝ
ΣΣΣΣ → {

ÞÞÞÞ ¼ ÝÝÝÝ
}¯¨ «ª µµª³ ¨ "

� I (p(T1,…,Tn)) = pI(I(T1),…,I(Tn))«ª ´ §¯® ¦ nÕ¯ ´» º´§¶ ±®¯©§ ¨» ¸ ¬ª µ p ∈ P ·
� I (true) =

ÞÞÞÞ
� I ( false) =

ÝÝÝÝÔ
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�GAE km kEA BGq jK kF L n@ C�GAE kmkEA BGq jK kF Ln@ C�GAE km kEA BGq jK kF L n@ C�GAE kmkEA BGq jK kF Ln@ C $Y RX PR ^acÀÁÂ ÃÄÃÅ ÃÆ ÄÀÁÂ ÃÄ ÃÅ ÃÆ ÄÀÁÂ ÃÄÃÅ ÃÆ ÄÀÁÂ ÃÄ ÃÅ ÃÆ Ä %®ª ²© ±²É§¶ & "Ô
� I (¬A) =

ÞÞÞÞ ±« ¯ ²¶ ª ² µ» ±« I(A) =
ÝÝÝÝ

� I (A∧B) =
ÞÞÞÞ ±« ¯ ²¶ ª ²µ» ±« I(A) = I(B) =

ÞÞÞÞ
� I (A∨B) =

ÞÞÞÞ ±« I(A) =
ÞÞÞÞ ª ´ I(B) =

ÞÞÞÞ
� I (A→B) =

ÞÞÞÞ ±« I(A) =
ÝÝÝÝ ª ´ I(B) =

ÞÞÞÞ
� I (A↔B) =

ÞÞÞÞ ±« I(A) = I(B)
� I (A⊕B) =

ÞÞÞÞ ±« I(A) ≠ I(B)
� I (∀x A) =

ÞÞÞÞ ±« I[c/x](A) =
ÞÞÞÞ «ª ´ §Ù§ ´» c ∈ D ·

� I (∃x A) =
ÞÞÞÞ ±« I[c/x](A) =

ÞÞÞÞ «ª ´ ¨ª¸ § c ∈ D ·
I ¯¨¨ ±¹ ²¨ ¯ ©´É©¦ Ù ¯ µÉ§ ©ª §¯®¦ «ª ´¸ É µ¯ ±² � ÝÝ� ÝÝ� ÝÝ� ÝÝ

ΣΣΣΣ ·
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� ?@ Gq BGq A?E ' @ kB@ JnE Ú CC Bq G F E GA� ?@ Gq BGq A?E ' @ kB@ JnE Ú CC Bq G F E GA� ?@ Gq BGq A?E ' @ kB@ JnE Ú CC Bq G F E GA� ?@ Gq BGq A?E ' @ kB@ JnE Ú CC Bq G F E GA(�) ���� �� �¤(�) ���� �� � ¤(�) ���� �� �¤(�) ���� �� � ¤È§© Σ = (P ¼ F ¼ V ) ¬§ ¯ ¨ ±¹ ²¯©É´§ ¼ ¯ ²¶ µ§© I = (D, F)¬§ ¯ ² ±²©§ ´º´§©¯© ±ª ² «ª ´ Σ · *É´©¦§ ´¸ ª ´§ ¼ µ§© x ∈ V¬§ ¯ Ù¯ ´±¯ ¬ µ§ ¨» ¸ ¬ª µ¼ ¯ ²¶ µ§© c ∈ D · ¥ ¦§ ² ³ §¶§« ±²§ ©¦§ ±²©§ ´º´§©¯© ±ª ²
I [c/x] = (D, F’ )¨ É® ¦ ©¦¯©

F’
%
A& =

c ¼ ±« A = x �
F(A) ¼ ª©¦§ ´³ ±¨§ ·
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Ú GKA?E k ÛÜ @ F m nEÚ GKA?E k ÛÜ @ F mnEÚ GKA?E k ÛÜ @ F m nEÚ GKA?E k ÛÜ @ F mnE
∀x (nurk(x) ∧ ∃y lop(x, y) → meve(x))ÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆÐ Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ ÇÀÆ Ð Í ÃÄ ÆÂ Ï ÃÑÒÆ ÓËÑÁ Ç

D � {
��� �����

}ßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁ Ï ÃÒÍÅÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁ Ï ÃÒÍÅÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ ÌËÁÏ ÃÒÍÅÁÑ Ç
nurkI(

��� �����
) =

ÞÞÞÞ
lopI(

�������� ¼ ��� �� ���) =
ÞÞÞÞ

meveI(
��������

) =
ÞÞÞÞßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ 	Í ËÃÍ áâÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ 	Í ËÃÍ áâÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ 	Í ËÃÍ áâÁÑ ÇßÄÅÁËÌËÁÅÍÅ ÃÆ Ä ÆÂ 	Í ËÃÍ áâÁÑ Ç

xI =
�������� ¼ yI =

��� �����

w v� � |{ yx��£���£���£���£� �w v z� yxytz� vuv�z{z yw t �
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D A@ Go@ ko � K GHE mAC K¿ pKq BHDA@ Go @ ko �K GHE mAC K¿ pK q BHD A@ Go@ ko � K GHE mAC K¿ pKq BHDA@ Go @ ko �K GHE mAC K¿ pK q BH� y� � t z�� twz yw t w� ytz� vu v�z{ z yw tx � � �~{ t tw� ytz vw��~� z �� �w ||w� yt}~w t~� uzx �tw� t � vw � u vw uwx yz yw t{ | |w} y~ 
� �w �� |
�

� {z yx� y{ �y|yz�
� �{ |y� yz�
� �w} y~{ | ~ w tx���� t~�
� �w} y~{ | ��� y� { |� t~�
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�Ko E nC � D @ABC¿ B@ J BnBA� @ Go ' @ nBo BA��K oE nC � D @A BC¿ B@ JBnBA� @ Go ' @ nBo BA��Ko E nC � D @ABC¿ B@ J BnBA� @ Go ' @ nBo BA��K oE nC � D @A BC¿ B@ JBnBA� @ Go ' @ nBo BA�(�) ���� �� �¤(�) �� �� �� � ¤(�) ���� �� �¤(�) �� �� �� � ¤��z
A �� { uv� � y~{z� |w } y~ �w v� � |{ �r � t ytz� vuv�z{z yw t I = (D � F) yx ~{ ||� � {¢ ��� �¢ ��� �¢ ��� �¢ ��� � �w v A � y� I(A) = ���� �r � �� �w v� � |{ A yx ~{ ||� � �� ���� � ����� ���� � ��� � y� �� � v�ytz� vuv�z{z yw t yx { � w �� | �w v A �r � �� �w v� � |{ A yx ~{ ||� � �����) �� ������ ��) �� ��������) �� ������ ��) �� ��� � y� z�� v��� yxzx { � w � � | �w v A �� z�� v� yx� A yx ~{ ||� � £���� ��) �� ���£���� ��) �� ���£���� ��) �� ���£���� ��) �� ��� �
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∀x (nurk(x) ∨ ¬nurk(x))

∀x happy(x) ↔ ∀y happy(y)

∀x (p(x) ∧ q(x)) ↔ (∀x p(x) ∧ ∀x q(x))

∀x p(x) ↔ ¬∃x ¬p(x)

∃x p(x) ↔ ¬∀x ¬p(x)
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Huth & Ryan:
Section 2.4

pp. 122–131.


