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→→→→MMMM NAO D?P QRO H? ANAOD? P QROH? ANAO D?P QRO H? ANAOD? P QROH? AS TT UV W X YZX

〈precondition〉 [\] YW ^W_` ^W a W YZb W
〈conclusion〉 [cX _` dd`a T XYZX

〈precondition〉
Z da Ze T fV gdfWT

〈conclusion〉 [
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↔↔↔↔iiii jklmno pqlrn kjklmno pql rn kjklmno pqlrn kjklmno pql rn kstuvw xvv yz { w|xw

〈condition1〉 }~� |{ u{�� u{ � { |x�{
〈condition2〉 }� { �� �� xvv yz { w|xw
〈condition2〉 }~� |{ u{�� u{ � { |x�{

〈condition1〉 }�w �� ���� v w|xw
〈condition1〉

x ��
〈condition2〉

x u{{� y t� x �{ �w }
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∀∀∀∀MMMM NAOD?P QROH? ANAOD? P QROH? ANAOD?P QROH? ANAOD? P QROH? A�WX

〈item〉 �W Z � Z ^�fX ^Z ^e
〈element〉 [\] YW ^W_` ^W

〈item〉
TZX fT_ fWT

〈the claim〉 [� f��W
〈item〉

a Z T � Y` TW � Z ^� fX ^Z ^fde � fX _` dd`a TXYZX Wb W ^e
〈element〉

TZX fT_ fWT
〈the claim〉 [
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∨∨∨∨MMMM � �H@ HAEOH? A� �H@ HAEO H? A� �H@ HAEOH? A� �H@ HAEO H? A�� t� { � v�z { � tv� y��w t� � � vx�

〈case1 ∨ case2〉 }�� � �v t�{ u w|{ �� ���� t�� �xv {v }stuvw xvv yz { w|xw
〈case1〉

|� ��v }~� |{ � tw �� ���� v w|xw
〈the claim〉 }�{ �� �� xvv yz { w|xw
〈case1〉

|� ��v }~� |{ � tw �� ���� v w|xw
〈the claim〉 }�� x �� �xv{v � { |x�{
〈the claim〉 }
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〈the claim〉  ` WT �`X Y` d  [\] Y fT fT Z �` �X ^Z  f�X f` � [] YW ^W_` ^W � X YW Z TT UV gX f` � a ZT a ^` �¡ �Z �  fX _` dd`a T XYZX
〈the claim〉

Y` d T [
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(G, *)�� H? @�� H? @�� H? @�� H? @

∀x∀y∀z x * (y * z) = (x * y) * z

� �z {v{w � vv�� txw t� {� t�x u� ��{ uxw t� �
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%
, +) & 'ZXU ^Z d � UV �W ^T a fX Y Z    fX f` �$ () �
⋅* & +W Z d � UV �W ^T a fXY V UdX fg df�ZX f` �$ ,U��X f` �T

f: 
%

→
% a fXY _ U��X f` �Z d�` V g`T fX f` � [
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NPG AOHO. E AP NA/G DFG � �G @ G AOFNP G AOHO. E AP NA/G DFG � �G @ G AOFNPG AOHO. E AP NA/G DFG � �G @ G AOFNP G AOHO. E AP NA/G DFG � �G @ G AOF0{w

(G,*)
�{ x v{z t� u� y� x ��

e ∈ G }1 e
tv x 2345 673856592345 673856592345 673856592345 67385659 � t�

∀x e * x = x.1 e
tv x :6;<5 67385659:6;<5 67385 659:6;<5 67385659:6;<5 67385 659 � t�

∀x x * e = x.1 e
tv x � 6738565967385 6596738565967385 659 � t�

e
tv x ut� |w x �� x �{�w t� { �w tw� }0{w

a ∈ G}1 a ′ tv x 2345 68>3:?32345 68>3:?32345 68>3:?32345 68>3:?3 ��
a

t�
a ′ * a tv x �{�w t�{ �w tw� }1 a ′ tv x :6;<5 68>3:?3:6;<5 68>3 :?3:6;<5 68>3:?3:6;<5 68>3 :?3 ��

a
t�

a * a ′ tv x ut� |w t� { �w tw� }1 a ′ tv x � 68>3:?368>3 :?368>3:?368>3 :?3 ��
a

t�
a ′ tv x ��w| ut� |w x �� �{�wt�� { uv{ ��

a }
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@ D? Q�F@ D? Q�F@ D? Q�F@ D? Q�F� v{z t� u� y�
(G, *)

tv �x ��{ � x ;:ABC;:ABC;:ABC;:ABC t�1 G
�� �wx t�v x �{�w t�{ �w tw� � x ��1 {�{ u� { �{ z { �w ��

G
|xv x �{�w t��{ uv{ }D8AE 8 F:AC3:5 63? A4 ;:ABC? GD8AE 8 F:AC3:5 63? A4 ;:ABC? GD8AE 8 F:AC3:5 63? A4 ;:ABC? GD8AE 8 F:AC3:5 63? A4 ;:ABC? G1 � � u� y� |xv {Hx�w �� � �{ t�{ �w tw� { �{ z { �w � � | t�|tv ��w| x �{�w x �� x ut� |w t�{ �w tw� }1 I� { u� { �{z { �w �� x � u� y� |xv {Hx�w �� � �{t�� { uv{ � � | t� | tv ��w| twv �{�w x �� ut� |w t�� { uv{ }
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� B D??I HA @ D? Q� J CG? D.� B D??I HA @ D? Q� J CG ? D.� B D??I HA @ D? Q� J CG? D.� B D??I HA @ D? Q� J CG ? D.KLMNMO PQ PMR SKLMNMOPQ PMR SKLMNMO PQ PMR SKLMNMOPQ PMR STUV
(G,*) WU X YUZ [\ ]^_` a b cU d UeU ]f ][\cV [deU ]YU ^g XdU hUZUdV ^g

G
[Y Ui_X h V^ UeU ]f hUgV [deU ]YU ^g VcXVU hUZUdV aKLMMj SKLMMj SKLMMj SKLMMj STUV

a ∈ G k hUV l WU X hUgV [deU ]YU ^g
a k Xdl hUV

r WU ][\ cV[deU ]YU ^g
a
a b cUd

l * a
[Y X hUgV [lUdV [Vf k Xdl a * r

[Y X][\cV [lUdV [Vf a mV g^ hh^n Y VcXV
l = l * (a * r) = (l * a) * r = r k[aU ak l = r

a o [dpU
a k l k Xdl r

n cU]U pc^YUd X ]W [V ]X ][hf k [Vg^ hh^n Y VcXV UeU ]f ][\ cV [deU ]YU [Y Ui_X h V^ UeU ]f hUgV[deU ]YU a
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J CG B D??I HA qEOQDE � rGP QROH? AJ CG B D? ?I HA qEOQ DE � rGP QROH? AJ CG B D??I HA qEOQDE � rGP QROH? AJ CG B D? ?I HA qEOQ DE � rGP QROH? A
1. ∀x∀y∀z (x * y) * z = x * (y * z) Premise

2. ∀x (left_id(x) → ∀y x * y = y) Premise

3. ∀x (right_id(x) → ∀y y * x = y) Premise

4. ∀x∀y (left_inv(x, y) → left_id(x * y)) Premise

5. ∀x∀y (right_inv(x, y) → right_id(y * x)) Premise
…

n. ∀x∀y∀z (left_inv(y, x) ∧ right_inv(z, x) → y = z)


