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expand divides;
scatter;
instantiate 0 in h36;
instantiate x_0 in gwo;

scatter;
expand divides;
instantiate 1 in gpq;
lemma MULT_1a;
auto xdm;
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divides(x, y) ≡ ∃n:

�
n ⋅ x = y� ��� �� �  � ��� �� �  � ��� �� �  � ��� �� �   ¡¢ £¤¢¥ ¦§¨ ©ª «¬

∀x:
�

divides(x, 0)§¨ ©ª ® ¯°¬ ∀x:
�

divides(x, x)§¨ ©ª ±¬
∀x:

�
divides(1, x)
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I JO²³ O��D @K F²´ A³BO@ ²I JO²³ O��D @K F²´ A³BO@ ²I JO²³ O��D @K F²´ A³BO@ ²I JO²³ O��D @K F²´ A³BO@ ²
(p(0) ∧ ∀x (nat(x) ∧ p(x) → p(s(x))) →

∀x (nat(x) → p(x))R W TZWµU Y TZW TU ZVS P We Y aa ^YVf ZY a ^ f\ ¶U ZX r·¸¹ º»¼½¾ ¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾ ¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾¿ ÀÁÂ¿ Ã kZWµU VgYV 0 X YV dXe dUX P Ä·¸¹ º»¼½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã É XX f\ U VgYV XW\ U ^f\ ¶U Z
n XYV dXe dUX P Ä·¸¹ º»¼½¾ ¿ Â¼¿ ÇÃ·¸¹ º»¼½¾¿ Â¼¿ ÇÃ·¸¹ º»¼½¾ ¿ Â¼¿ ÇÃ·¸¹ º»¼½¾¿ Â¼¿ ÇÃ ÊX d^] VgU d^_ fcV dµ U gS TWVgUX dX ËT ZWµU VgYV n + 1 XYV dXe dUX P Ä
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ÍÎ ÏÐ v� x �Ï Ñ�ÍÎ Òt� z�� v{w�Î ����w� v�

�� M � � �D�� M � ��D�� M � � �D�� M � ��DÓ~�{ vt��Ô uy vx � ∀x:
Õ

x + 0 = x} ~� x ��w yÐ v� x��Ï �� ∀x:
Õ

0 + x = x�Ï Ñ� ∀x:
Õ

, y:
Õ

s(x) + y = s(x + y)Ö×ØÙÚÛ ÜÝÞ ßàáÞ âÖ×ØÙÚÛ ÜÝÞ ßàáÞ âÖ×ØÙÚÛ ÜÝÞ ßàáÞ âÖ×ØÙÚÛ ÜÝÞ ßàáÞ â
0 + 0 = 0 |Î yÐ v�x �Ï ��Ö×ØÙÚÛ ÜÝÞ ãä åæÛãÞá Üá âÖ×ØÙÚÛ ÜÝÞ ãäåæÛãÞá Üá âÖ×ØÙÚÛ ÜÝÞ ãä åæÛãÞá Üá âÖ×ØÙÚÛ ÜÝÞ ãäåæÛãÞá Üá â
n + 0 = n }� ~ ��x w n ∈

ÕÖ×ØÙÚÛ ÜÝÞ áÛÞå âÖ×ØÙÚÛ ÜÝÞ áÛÞå âÖ×ØÙÚÛ ÜÝÞ áÛÞå âÖ×ØÙÚÛ ÜÝÞ áÛÞå â
s(n) + 0 = s(n + 0) = s(n)
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Huth & Ryan:
Section 1.4.2

pp. 40–45.
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�@ ?D I J@N D ² ?� F²´ A³BO@ ²� @ ?D I J@N D ² ?� F²´ A³BO@ ²�@ ?D I J@N D ² ?� F²´ A³BO@ ²� @ ?D I J@N D ² ?� F²´ A³BO@ ²
∀x:

�
x + 0 = x

∀x:
�

, y:
�

, z:
�

(x + y) + z = x + (y + z)
∀x:

�
, y:

�
x + y = y + x

∀x:
�

x ⋅ 0 = 0
∀x:

�
x ⋅ 1 = x

∀x:
�

, y:
�

, z:
�

(x + y) ⋅ z = x ⋅ z + y ⋅ z
∀x:

�
, y:

�
, z:

�
x ⋅ (y + z) = x ⋅ y + x ⋅ z

∀x:
�

, y:
�

, z:
�

(x ⋅ y) ⋅ z = x ⋅ (y ⋅ z)
∀x:

�
, y:

�
x ⋅ y = y ⋅ x
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> ²@BCD J �� M � � �D> ²@BCD J �� M � ��D> ²@BCD J �� M � � �D> ²@BCD J �� M � ��DkZWµ d^]§h aY d\ ¬
∀x:

�
, y:

�
, z:

�
x ⋅ (y ⋅ z) = (x ⋅ y) ⋅ ze ZW \ VgU Y� dW\ X§j �¬

∀x:
�

0 ⋅ x = 0§j� ¬
∀x:

�
, y:

�
(x + 1) ⋅ y = x ⋅ y + y¶S d^_ fcV dW ^ W ^ x �·¸¹ º»¼½¾¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾ ¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾¿ ÀÁÂ¿ Ã·¸¹ º»¼½¾ ¿ ÀÁÂ¿ Ã

0 ⋅ (y ⋅ z) = 0 = 0 ⋅ z = (0 ⋅ y) ⋅ z ¶S Y� dW \ §j �¬

��������� ! "#$%&'# (�) * +, -./0 ,12 /*3 �4 56 /76*� 8 * , 5 +61, 56.6.96 � 56 /76*� 2:;<# �

�� M � ��D�� M � � �D�� M � ��D�� M � � �D 	¢ 
¡ �
�¦·¸¹ º»¼ ½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼ ½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â Ã
∀y:

�
, z:

�
n ⋅ (y ⋅ z) = (n ⋅ y) ⋅ z eW Z XW\ U n ∈

�·¸¹ º»¼ ½¾ ¿ Â¼¿ ÇÃ·¸¹ º»¼½¾¿ Â¼¿ ÇÃ·¸¹ º»¼ ½¾ ¿ Â¼¿ ÇÃ·¸¹ º»¼½¾¿ Â¼¿ ÇÃ
(n + 1) ⋅ (y ⋅ z)

= n ⋅ (y ⋅ z) + y ⋅ z ¶S Y� dW\ §j� ¬
= (n ⋅ y) ⋅ z + y ⋅ z ¶S d^_ fcV dµ U gS TWVgUX dX
= (n ⋅ y + y) ⋅ z ¶S _ dXV Zd¶fV dµ dVS
= ((n + 1) ⋅ y ) ⋅ z ¶S Y� dW\ §j� ¬
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I J@@K LMN OP MB@ J I J@@K G ³ JO�BI J@@K LMN OPMB@ J I J@ @K G ³ JO�BI J@@K LMN OP MB@ J I J@@K G ³ JO�BI J@@K LMN OPMB@ J I J@ @K G ³ JO�B
induction x in cql;

scatter;

auto;

scatter;

instantiate x_0, mult(y_0,z_0) in fcb;

instantiate y_0, z_0 in bwe;

lemma MULT_dist;

instantiate mult(x_0,y_0), y_0, z_0 in x3a;

instantiate x_0, y_0 in fcb;

induction �������� �� � �� �� ����� ���� ��������� �� ���� �� ��� !
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" DB > ²@BCD J �� M � � �D" DB > ²@BCD J �� M � ��D" DB > ²@BCD J �� M � � �D" DB > ²@BCD J �� M � ��DkZWµ d^]§h aY d\ ¬
∀x:

�
, y:

�
x ⋅ y = y ⋅ x¶S d^_ fcV dW ^ W ^ x �·¸¹ º»¼½¾¿ ÀÁÂ¿ #·¸¹ º»¼½¾ ¿ ÀÁÂ¿ #·¸¹ º»¼½¾¿ ÀÁÂ¿ #·¸¹ º»¼½¾ ¿ ÀÁÂ¿ # x = 0

0 ⋅ x = 0 = x ⋅ 0 fX d^] aU \ \ Y ∀x:
�

x ⋅ 0 = 0·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â #·¸¹ º»¼½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â #·¸¹ º»¼½¾¿ ÅÆ ÇÈ¼Å¿Â ½Â #·¸¹ º»¼½¾ ¿ ÅÆ ÇÈ¼Å¿Â ½Â # x = n
∀y:

�
n ⋅ y = y ⋅ n eW Z XW \ U n ∈

�·¸¹ º»¼½¾¿ Â¼¿ Ç #·¸¹ º»¼½¾ ¿ Â¼¿ Ç #·¸¹ º»¼½¾¿ Â¼¿ Ç #·¸¹ º»¼½¾ ¿ Â¼¿ Ç # x = n  $ x = n + 1dX TZWµ U ^ ¶S d^_ fcV dW ^ W ^ y �
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LD �BD ´ F²´ A³BO@ ²LD�BD´ F²´ A³BO@ ²LD �BD ´ F²´ A³BO@ ²LD�BD´ F²´ A³BO@ ²Ö×ØÙÚÛ ÜÝÞ ßàáÞ %Ö×ØÙÚÛÜÝÞ ßàáÞ %Ö×ØÙÚÛ ÜÝÞ ßàáÞ %Ö×ØÙÚÛÜÝÞ ßàáÞ % y = 0
(n + 1) ⋅ 0 = 0 = 0 ⋅ (n + 1) z� vt� uw x xy ∀x:

Õ
x ⋅ 0 = 0Ö×ØÙÚÛ ÜÝÞ ãä åæÛãÞáÜá %Ö×ØÙÚÛÜÝÞ ãä åæÛãÞá Üá %Ö×ØÙÚÛ ÜÝÞ ãä åæÛãÞáÜá %Ö×ØÙÚÛÜÝÞ ãä åæÛãÞá Üá % y = m

(n + 1) ⋅ m = m ⋅ (n + 1) }� ~ �� xw m ∈
ÕÖ×ØÙÚÛ ÜÝÞ áÛÞ å %Ö×ØÙÚÛÜÝÞ áÛÞå %Ö×ØÙÚÛ ÜÝÞ áÛÞ å %Ö×ØÙÚÛÜÝÞ áÛÞå % y = m  & y = m + 1

(n + 1) ⋅ (m + 1)
= n ⋅ (m + 1) + (m + 1) |Î yÐ v� x �'Ñ�
= (m + 1) ⋅ n + m + 1 |Î vt�z�� v{w �Î ����w� v� }� ~ n
= m ⋅ n + n + m + 1 |Î yÐ v� x �'Ñ�
= n ⋅ m + m + n + 1 |Î vt�z�� v{w �Î ����w� v� }� ~ n
= (n + 1) ⋅ m + n + 1 |Î yÐ v� x �'Ñ�
= m ⋅ (n + 1) + n + 1 |Î vt�z�� v{w �Î ����w� v� }� ~ m
= (m + 1) ⋅ (n + 1) |Î yÐ v� x �'Ñ�


