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Y

x ⋅ 0 = 0OP Q RS Z[X ∀x:
Y

1 ⋅ x = xOP Q RS Z\X ∀x:
Y

x ⋅ 1 = xOP Q RS]^_`X ∀x:
Y

, y:
Y

, z:
Y

(x + y) ⋅ z = x ⋅ z + y ⋅ zOP Q RS[__WaX ∀x:
Y

, y:
Y

, z:
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x ⋅ (y ⋅ z) = (x ⋅ y) ⋅ zOP Q RS bWcdX ∀x:
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, y:
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(x ≠ 0 → x ⋅ y ≥ y)
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x | 0Oh ij _UlmX ∀x:
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x | xOh ij ZX ∀x:
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1 | xOh ij nlo_X ∀x:
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, y:
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, d:
Y

(d | x ∧ d | y → d | (x + y))Oh ij b ^co_X ∀x:
Y

, y:
Y

, d:
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(x ≥ y ∧ d | x ∧ d | y → d | (x − y))Oh ij lU__X ∀x:
Y

, d:
Y

(x ≠ 0 ∧ d | x → d ≤ x)
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public int gcd(int x, int y)
{

if (y == 0) {
return x;

} else if (x > y) {
return gcd(x – y, y);

} else {
return gcd(x, y – x);

}
}
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(x ≠ 0 → gcd(x, x) = x)z{ | }��� ��
∀x:
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, y:
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gcd(x, y) = gcd(y, x)z{ | }�����
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gcd(x, y) = gcd(x, x+y)z{ | }� �����
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(x ≥ y → gcd(x, y) = gcd(x−y, y))
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(d | x ∧ d | y → d ≤ gcd(x,y))
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scatter;
assume x_0<=gcd(x_0,0) AND x_0>=gcd(x_0,0);
scatter;
instantiate x_0,x_0,0 in tsu;
split 6pq;
goal amj;
scatter;
lemma DIV_self;
auto 4ay;
lemma DIV_0;
auto f2b;
instantiate 0,x_0 in o6k;
decompose;
lemma DIV_less;
instantiate gcd(x_0,0), x_0 in sod;

gcd(x0, 0) ≤ x0

gcd(x0, 0) ≥ x0
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(d | v ∧ d | w ↔ d | x ∧ d | y) →
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public int gcd(int x, int y)
{

if (y == 0) {
return x;

} else {
return gcd(y, x % y);

}
}

��������� ! "#$%&'# () * +, -. /0 ,12 /*3 �4 56 /76*� 8 * , 5 +61, 56 .6.96 � 56 /76*� 2:;<# (=

V ?- A Bg I GuF Uv EB?f F g t Lq ? BHGuvV ?- A Bg I G uF Uv E B?f F g t Lq ? BHG uvV ?- A Bg I GuF Uv EB?f F g t Lq ? BHGuvV ?- A Bg I G uF Uv E B?f F g t Lq ? BHG uvW� ������ ��� �'�� O� � hb^co_X XO�� hb^co_cX
∀x:

R
, y:

R
, n:

R
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n ∈
R XO�� hbW]X

∀x:
R

, y:
R

(x ≥ y → gcd(x, y) = gcd(y, x mod y))


