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dH Ee B f?I ?A@ g EH hF EC ?FI HG > FCIdH Ee B f?I ?A@ g EH hF EC ?FI HG > FCIdH Ee B f?I ?A@ g EH hF EC ?FI HG > FCIdH Ee B f?I ?A@ g EH hF EC ?FI HG > FCIijklm n ∀x (x ∈ U)iop qrsn ¬∃x (x ∈ ∅)ilkro tun ∀X ∀Y ∀x (x ∈ X ∩ Y ↔ x ∈ X ∧ x ∈ Y)ijk lv kn ∀X ∀Y ∀x (x ∈ X ∪ Y ↔ x ∈ X ∨ x ∈ Y)iuorw lxxn ∀X ∀Y ∀x (x ∈ X \ Y ↔ x ∈ X ∧ x ∉ Y)ikvr lkn ∀X ∀x (x ∉ X ↔ ¬(x ∈ X))iu jyu orn ∀X ∀Y (X ⊆ Y ↔ ∀x (x ∈ X → x ∈ Y))iozuorn ∀X ∀Y (X = Y ↔ X ⊆ Y ∧ X ⊆ Y)
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{ g EHHG ?A > FC | }FH E~{ g EHHG ?A > FC | }FH E~{ g EHHG ?A > FC | }FH E~{ g EHHG ?A > FC | }FH E~
∀� ��� �� � ���∀x (x ∈ A → x∈ A ∪ B)

� � →� ��� �� � ���c ∈ A → c∈ A ∪ B� � →�� ��� � � ��c ∈ A ∪ B� � ↔�� ��� �� � �c ∈ A ∨ c ∈ B → c ∈ A ∪ B� � ∀�� ��� � �c ∈ A ∪ B ↔ c ∈ A ∨ c ∈ B� � ∨� ��� ��� �� �c ∈ A ∨ c ∈ B� � � ���� �� �� �c ∈ A� � ���� c �� � � � �� ���� �� � ��� ��� ������ A � B �� � �� ���� �� � �� �� ��� �� �� �� � ��������∀X ∀Y (X ⊆ Y ↔ ∀x (x∈X → x∈Y))� � �� �� � �������
∀X ∀Y ∀x (x ∈ X∪Y ↔ x∈X ∨ x∈Y)��
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∀� ����� � �� ��∀X ∀Y (X ⊆ X ∪ Y)�� � →�� ��� � �§ ���A ⊆ A ∪ B�� � ↔�� ��� �� � �§∀x (x ∈ A → x ∈ A ∪ B) → A ⊆ A ∪ B��� ∀�� ��� � �A ⊆ A ∪ B ↔ ∀x (x ∈ A → x ∈ A ∪ B)�§ � ∀� ����� � ���∀x (x ∈ A → x∈ A ∪ B)
� � ���� A � B �� � �� �� �� �� � �� �� ��� �� �� �� � ��������∀X ∀Y (X ⊆ Y ↔ ∀x (x∈X → x∈Y))� � �� �� � ��� ����

∀X ∀Y ∀x (x ∈ X∪Y ↔ x∈X ∨ x∈Y)��
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© H EF ª > FC «H e h EF }F AI ?H A© H EF ª > FC «H e hEF }F AI ?H A© H EF ª > FC «H e h EF }F AI ?H A© H EF ª > FC «H e hEF }F AI ?H A¬  ®¯ °¯± ²³ ´ µµ ¶ ®·±¯ ¯ µ¯¸®´¹±° ®¯ °¯± ²³ ´ µµ ¶ ®·±¯ ¯ µ¯¸®´¹±° ®¯ °¯± ²³ ´ µµ ¶ ®·±¯ ¯ µ¯¸®´¹±° ®¯ °¯± ²³ ´ µµ ¶ ®·±¯ ¯ µ¯¸®´¹±° ºººº
WE = { x | elephant(x) ∧ white(x) }¬  ®¯ °¯± ²³ ´ µµ ¸»·¼ ¯ ¹½¼ ¾¯»° ®¯ °¯± ²³ ´ µµ ¸»·¼ ¯ ¹½¼ ¾¯»° ®¯ °¯± ²³ ´ µµ ¸»·¼ ¯ ¹½¼ ¾¯»° ®¯ °¯± ²³ ´ µµ ¸»·¼ ¯ ¹½¼ ¾¯»° ºººº

Primes = { x | ∀d (d | x → d = 1 ∨ d = x) }¬ ¿¯³ ·¹·¹À °¯± ²¸¯»´±²»°¿¯³ ·¹·¹À °¯± ²¸¯»´±²»°¿¯³ ·¹·¹À °¯± ²¸¯»´±²»°¿¯³ ·¹·¹À °¯± ²¸¯»´±²»° ºººº
A ∪ B = { x | x ∈ A ∨ x ∈ B }

A \ B = { x | x ∈ A ∧ x ∉ B }
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{ x | A(x) }M �L ]L A(x) SU UT W L ^]L_ SQ[RL YT  SQNT ]W OY[ QT PR[ SP SP x [U [ N ]LL b [ ]S[ X YL c	�� � � � ��� �� �� �� � � � �� �	 �� � � � ��� �� �� �� � � � �� �	�� � � � ��� �� �� �� � � � �� �	 �� � � � ��� �� �� �� � � � �� ��� ¥¢� ∀y (y ∈ { x | A } ↔ A[x/y])
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� DIIF ff�I gB EB�H�� DIIF ff�I gB EB �H�� DIIF ff�I gB EB�H�� DIIF ff�I gB EB �H�
Some sets, such as the set of all teacups, are not 
members of themselves. Other sets, such as the 
set of all non-teacups, are members of 
themselves. Call the set of all sets that are not 
members of themselves R. If R is a member of 
itself, then by definition it must not be a member 
of itself. Similarly, if R is not a member of itself, 
then by definition it must be a member of itself.

(Discovered by Bertrand Russell in 1901)
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��� ∀(o % lp ) *
R ∉ R ↔ ¬¬¬¬(R ∈ R)� � ∀(o % lp ) +
R ∈ R ↔ R ∉ R� � =(o %lp ) , -.
∀y (y ∈ R ↔ y ∉ y)� � /ox lk lr lv k vx

RR ==== { x | x ∉ x } � � 0 1 lvp iu orn
∀y (y ∈ { x | x ∉ x } ↔ y ∉ y)� �
false�§ �

0 1 lvp ikvr lkn
∀X ∀x (x ∉ X ↔ ¬(x ∈ X))��
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| ~ hF � ?� B e hfFI| ~ hF � ?� B e hfF I| ~ hF � ?� B e hfFI| ~ hF � ?� B e hfF I
∀x:@ ∀y:@ (x | y ↔ ∃n:@ n ⋅ x = y)

Primes: A@
Primes = { x:@ | ∀d:@ (d | x → d = 1 ∨ d = x) }

WE: AA

WE = { x:A | elephant(x) ∧ white(x) }

∪: AD × AD → AD

∀X:AD ∀Y:AD X ∪ Y = { x:D | x ∈ X ∨ x ∈ Y }


