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Abstract

This document describes the use of the RISC ProofNavigator, an interactive prov-
ing assistant for program and system reasoning developed at the Research Institute
for Symbolic Computation (RISC).
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Chapter 1

Introduction

This document describes the use of RISC ProofNavigatgran interactive prov-
ing assistant for program and system reasoning developed at the Research Institute
for Symbolic Computation (RISC).

Background In the last two decades, a variety of interactive proving assistants
and automatic theorem provers have emerged, e.g. PVS [12, 14], Isabelle [11, 9],
Coq [3, 7], or also the Theorema system developed at RISC [4, 16]; see [17]
for a comparative overview. Thus naturally the question arises what exactly the
motivation is to develop yet another such tool. The overall context of the work
presented in this document is the long-term objective to develop a program and
system exploration environment that has a formal reasoning component at its core.
Based on a number of use cases derived from the demands of such an environment
(some of these cases are presented in this document), the author evaluated from
2004 to 2005 several prominent systems. The results were mixed.

While we achieved some quite good success (most notably with PVS), we also en-
countered various problems and nuisances, especially with the navigation within
proofs, the presentation of proof states, the treatment of arithmetic, and the general
interaction of the user with the systems; we frequently found that the elaboration
of proofs was more difficult than we considered necessary. Without any doubt,
some of these problems were caused by the author’s inabilities and could be over-
come by more training and experience with the corresponding systems (we only
spent a couple of weeks on each) but such a demand already represents a con-
siderable hurdle e.g. in educational scenarios. We felt that the learning curve for
using a proving assistant should not be so steep.

From these experiments, we also draw a couple of important conclusions for the
pragmatics of using a proving assistant:
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e Convenient navigation in large proof trees is essential; the user gets easily
lost in large proofs.

e The aggressive simplification of proof state descriptions and their comfort-
able presentation is important; the user quickly looses the intuition about
the high-level proving problem represented by a proof state.

e Decent automation in dealing with arithmetic is important; a subtype re-
lationship between integers and reals simplifies some proofs considerably
(compared to the necessity to construct mappings between these types).

e Automatic search for proofs based on elaborate strategies is rarely of much
help; typically it is the combination of semi-automatic proof decomposition,
critical hints given by the user, and the application of decision procedures
for ground theories that shows practical success.

Not all of the existing proving assistants meet these demands equally well; all
in all, we were most satisfied with PVS (consequently various concepts in the
RISC ProofNavigator were designed after the model of PVS, also its specification
language is close to that of PVS). However, the PVS user interface has apparently
come of age and the software is not open source which is especially a problem for
its integration into a larger context.

The RISC ProofNavigator Based on above investigations the author estimated
that it would be fruitful to write from scratch a proof assistant according to his
taste. Furthermore, this task should be possible with reasonable effort by mak-
ing use of existing software that decides about the satisfiability of formulas over
certain combinations of ground theories (and potentially performs related tasks
such as formula simplification and counterexample generation)ietily hard

core logic and mathematics is in this software, not in the assistant itself. Dur-
ing the last couple of years, a couple of tools for solving 8MT (satisfiability
modulo theoriesproblem have emerged, see the recently established SMT-LIB
initiative and the associated SMT-COMP solver competition series [15]. After a
(rather) short evaluation, we decided to use@lo®perating Validity Checker Lite
(CVCL) Version 2.0 as a promising candidate [2, 1]; it is open software, supports
the most important theories needed for program verification, apparently shows
good results, and its specification language is already close to that of PVS.

Thus we started in started in the fall of 2005 with the development of a new prov-
ing assistant. This document describes the result of our efforts dal&ad Proof-
Navigatorthat aims to meet the demands addressed above. The system is freely
available under the GNU Public License at



http://www.risc.uni-linz.ac.at
/research/formal/software/ProofNavigator

It has been reasonably well tested with (also large) verification examples but is
certainly not free of bugs; error reports may be sent to the author at

Wolfgang.Schreiner@risc.uni-linz.ac.at

who commits himself to the maintenance of the software.

While most proving assistants are written in (semi-)declarative languages such as
ML, Lisp, or Mathematica, the RISC ProofNavigator is implemented in Java, pri-
marily for the following reasons: this language has free implementations with
good performance on virtually every kind of machine, uses a runtime system
with garbage collection (in the beginning of the 1990s still the exclusive domain
of declarative languages and then a major reason to use these languages), has a
rather clear semantics and supports modern programming language principles (a
type system with interfaces and inheritance), is well supported by development
frameworks, tools, and libraries, and has a large user community, in industry as
well as in academia (many students nowadays learn programming in Java). These
advantages are (for our purpose) more important than those of declarative lan-
guages, such as the simpler declarative semantics (ML) or the possibility to write
programs in a rule-based style (Mathematica).

The graphical user interface of the RISC ProofNavigator is written with the help
of the Eclipse Standard Widget Toolkit (SWT) which provides a Java wrapper
for a native widget set of the underlying machine such that the user interface
is responsive and good-looking; the SWT “browser” component is also the core
of the system’s presentation of proof states (which are rendered as documents
containing a combination of XHTML and MathML [6]).

Document Structure The remainder of the document is split in two parts:

e Chapters 2—4essentially represent a tutorial for the RISC ProofNavigator
based on examples contained in the software distribution; for learning to
use the system, we recommend to study this material in sequence.

e Appendices A—Fessentially represent a reference manual with a full expla-
nation of the system’s specification language and the commands for creating
proofs; this material can be studied on demand.
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Third Party Software The RISC ProofNavigator uses the following third party
software; detailed references can be found in the README file of the distribution
listed on page 105:

e CVC Lite 2.0

¢ RIACA OpenMath Library 2.0

e General Purpose Hash Function Algorithms Library

e ANTLR 2.7.6b2

e Eclipse Standard Widget Toolkit 3.2

e Mozilla 1.7.8 Linux (x86) GTK2+Xft

e GIMP Toolkit GTK+ 2.X

e SunJDK 5.0

e Tango Icon Library

Many thanks to the respective authors for their great work.



Chapter 2

User Interface

In the following we explain the main points of interaction with the user interface
of the RISC ProofNavigator. We assume that the system is appropriately installed
(see Appendix C) such that after typing

ProofNavigator &

a window pops up that displays the startup screen shown in Figure 2.1.
This window has three menus at the top:

File The menu entry “Read File” allows to read a sequence of declarations from
a file; “Restart Session” resets the system to its initial state; “Quit” lets the
system terminate.

Options The entries “Big Font” and “Small Font” let the user select the size of
the presentation fonts (the session is restarted to let the changes take effect).
The default choice is “small font”; the alternative “large font” is mainly
useful for demonstrations.

Help The entry “Online Manual” displays in the “Declarations” area the hyper-
text version of this document; the entry “About ProofNavigator” displays
the copyright message.

The main area of the window is split into three areas (whose borders may be
dragged by the mouse cursor):

Proof Tree This area illustrates the skeleton structure of the proof which is cur-
rently investigated respectively displayed. It mainly serves for easy naviga-
tion through a proof.
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Figure 2.1: ProofNavigator Startup Window

Declarations This area initially shows a copyright message. Later it displays
the declarations entered by the user in a pretty-printed form which closely
resembles the usual mathematical notation (while the output window below
shows a corresponding plain text notation). In proving mode, this area is
labelled “Proof State” and typically displays the open proof state currently
investigated by the user (the button “View Declarations” below this area is
then enabled to return to the declaration view).

Input/Output This area consists of ainput field where the user may type in
declarations and commands, auntput fieldwhere the effect of the user
input is shown as plain text, and a row of (possibly disabledjons

In the input field, some keys have a special interpretation:

Arrow Up Go to the previous command in the history buffer (a cyclic
buffer of the most recently entered commands).
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Arrow Down Go to the next command in the history buffer.
Ctrl+a Go to the begin of the line.
Ctrl+e Go to the end of the line.

Tab Go to the next occurrence of template parampter(see page 16).
The button row consists of the following elements (from left to right):
Proof Navigation

(ng [Previous Open State] This button triggers the commaiev
described on page 83: the previous element in the list of open
proof states becomes the current state.

|:.:,> [Next Open State] This button triggers the commaméxt de-
scribed on page 83: the next element in the list of open proof
states becomes the current state.

[Undo Command] This button triggers the commanohdo de-
scribed on page 83: the effect of the command executed in the
parent of the current state is undone.

¢ [Redo Command] This button triggers the commanddo de-
scribed on page 83: the effect of thedo command that led to
the current state is undone.

Proof Control

ﬂ [Scatter State] This button triggers the commasdatter  de-
scribed on page 87: applying various proving rules, the current
state is scattered into a number of simpler proof states.

<> [Decompose State]This button triggers the proving command
decompose described on page 88: applying various proving
rules, the formulas in the current proof state are decomposed to
yield a single simpler proof state.

o [Split State] This button triggers the commasglit  described
on page 89: applying various proving rules to the goal of the cur-
rent state, this state is split into a number of proof states with
simpler goals.

.ﬁ. [Generate Counterexample] This button triggers the command
~ counterexample  described on page 85: a possible refutation
of the current proof state is generated and displayed.

%, [Execute “auto” also in Sibling States] This button triggers the
commandutostar  described on page 92: the commaudo
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(see the next button) is applied to the current state and to its sub-
sequent siblings.

@ [Close State by Automatic Formula Instantiation] This button

- triggers the commanduto described on page 93: an attempt is
made to close the current state by the automatic instantiation of
the quantified formulas in the state.

[Abort Prover Activity] This button aborts the current activity
of the prover as described on page 86.

E]] [Command List] This button lets a menu pop up that displays
all available commands and command templates. By selecting a
command from this menu, the command is executed in the current
state. By selecting a template from this menu, the template is
copied into the input area for instantiating the template parameters
before execution.

Proof Exit
4 [Quit Proof] This button triggers the commamgit described

on page 82: after confirmation by the user, the current proof is
terminated and saved to file.

By invoking the system with
ProofNavigator --nogui

(see Appendix D) the system starts without the graphical user interface in plain
text mode: declarations and commands are entered on the command line (i.e. read
from the standard input stream) and results are printed in plain text form to the
standard output stream. Most system features are also available in this.mode

1The only major exception is the functionality of the “Abort” but@.



Chapter 3

Examples

In this chapter, we are going to illustrate the features of the RISC ProofNavigator
by a series of small examples of specifications and proofs. The examples (that
are included in the software distribution) are designed for consecutive study and
introduce language and system features on demand, i.e., at those points where they
are needed. A systematic presentation of these features is given in the appendix.

3.1 An Induction Proof

Our first example describes the proof of the formula

iii _ (n+21) ‘n

using two axioms that uniquely characterize (“recursively define”) the summation
guantifier for every (natural number) upper bound of the summation domain:

0

_Z)i:O
_ii = n+§ji (n>0)

We start our proving session by typing the command

newcontext "sum";
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(note the trailing semicolon) in the input field. This command described on
page 79 starts a new session by erasing all previous declarations (if any) and creat-
ing a subdirectorgum of the current working directory in which the subsequently
created proof will be persistently stored after the session. The system is now in
“declaration mode” i.e. it accepts declarations that are entered by the user.

We now enter a constant declaration (note the trailing semicolon)
sum: NAT->NAT,

which introduces a functioaumfrom the natural numbers to the natural numbers
(denoted by the builtin atomic typ®AT). This function will take the role of the
summation quantifier: given a numbeiit shall returny ' ,i. We correspondingly
declare two axioms

S1: AXIOM sum(0)=0;
S2: AXIOM FORALL(N:NAT): n>0 => sum(n)=n+sum(n-1);

Each axiom consists of a name (eSJ) and of a formula (a boolean expression)
which is from now on assumed true (esum(0)=Q. The language for writing
formulas includes builtin constants (e@and 1), functions (e.g+ and-), predi-
cates (e.g= and<), logical connectives (e.g. the implicatier) and quantifiers
(e.g. the universal quantifi¢fORALL).

Finally we declare the formula
S: FORMULA FORALL(N:NAT): sum(n) = (n+1)*n/2;

where the keywordFORMULArather tharAXIOM indicates that the truth of this
formula needs proof.

Each time a constant is declared, the “Declarations” area is updated by a pretty-
printed version of the declaration such that it ultimately looks as follows:

sume N—>N
axiom S1 = sum(0)=0
axiom S2 = Vae N:n >0 = sum(n) = n+sum(n—1)

S = Vne N:sum(n) = ££22

The box to the left of each declaration is an active element; by moving the mouse
cursor over itit turns blue and reveals a menu that exhibits a number of commands
applicable to the declaration. In the case of funcsom and axiomsS1 andS2

the only commands displayed are for printing the declarations in text form in the
output area. For formul&, the menu is more interesting:
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s "
Fla Options Help
-Proof Tree- - -Praof State
Formula [S] proof state [tea]

Constants (with types): sum.

lee| FneNim =0 = sum(n)=nt+sumin—1)
d3if sum({)=0

; 5 . (n+liw
byu| vpe N sum(n)= 212

Wiew Declarations

INpLE/OUtpLE-

||read "sum.pn";

\Vslua sum: NAT->NAT.

|Farmula s1

|Farmula s2.

|Farmila 5.

|File sum pn read

\prove 5;

|Proof of farmila S.

Proof state [teal

|Constants: sum: NAT-=NAT

|[lxe] FORALL(M:NAT): n > @ == sum{n) = n+sum{n-1}
|[d3i] sumia) = @

[byu]l FORALL{m:NAT): sum(n) = (n+l)*n/2
|prove>

|
EEER S PR

T}

Figure 3.1: The System in Proving Mode

Formula S
prove 5: Construct Proof
proof 5: Show Proof
formula 5: Print Farmula

By selecting the menu entry “prove S” (or alternatively typing the command
prove S; in the input field), the system switches from “declaration mode” to
“proving mode” and start a proof of formula The screen now displays the con-
tent shown in Figure 3.1.

The proof consists of a single state with label [tca] which is indicated as the “cur-
rent state” by the red line in the “Proof Tree” area. The three-character state label
helps to uniquely identify a state within a proof; it is automatically generated and
does not carry any meaning.
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The “Proof State” area presents the stafe as

‘ Formula [S] proof state [tca] ‘

Constants (with types): sum.
Ixe| Vne N:n >0 = sum(n) = n+sum(n—1)
d3i| sum(0)=0

(n+1)-n

byu| Vne N:sum(n) = 5

The presentation consists of the value constants visible in thé §sat® and of

two sequences of labelled formulas: thesumptiongformulas [Ixe] and [d3i])

and thegoals (formula [byu]) separated by a horizontal line. The assumptions
are obviously the contents of the axioms S1 and S2; the goal is the content of the
formula S to be proved.

The logical interpretation of this presentation is that aeguenisee page 75);
simply put our task is to prove that tle®njunction of the assumptioiithe for-
mulas above the line) logically implies thiksjunction of the goal§the formulas
below the line). In our example, we thus have to prove that from the assumptions
[byu] and [dri] the goal [byu] follow3.

A formula label consists typically of three characters that are automatically gen-
erated from the text of the formula (such that the same formula in different states
has the same label) and does not carry any meaning. Formula labels are active el-
ements; by moving the mouse cursor over a label, it turns blue and reveals a menu
with a list of proof commands that are applicable to this formula. For instance,
the following menu associated to goal [byu]

Formula [byu]
expand [] in byu: Expand Definition(s) in Formula
induction [ in byw: Induction on Formula
flip byu: Flip Formula

lists (among others) the commamdiuction [] in byu which applies the
proof technique of mathematical induction (see page 90) to formula [byu]; this
formula must be a universally quantified formula with a variable from the domain
of natural numbers. Actually, the menu entry is just a template with a parameter

1The output field displays a plain text description of the state.

2By clicking on the link “with types”, one may investigate the types of the constants.

3|f there is just a single goal, this goal has to be implied. If there is no goal at all, the formula
“false” has to be implied (which corresponds to a proof by contradiction).
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indicated by the tokef] that has to be instantiated by the name of the variable
on which to run the induction (in general, the quantifier may bind more than one
variable). Selecting the template from the menu copies the template into the input
area; the cursor is already placed on the pararhstah that one just has to type

the variable nama to get the full command

induction n in byu;

We might have typed in the command also directly on the command line; the
formula menu just provided a convenient short-cut which saves us some typing
effort (we will discuss later the various possibilities to enter a proof command).
When the “Enter” key is pressed, the command is executed which updates the
“Proof Tree” area to:

Proof Tree

= [tcal: induction nin byu

[dbjl: proved (CWCL)

The original proof state [tca] is now labelled by the command “induction nin byu”
applied in that state; furthermore it has received two children [dbj] and [ebj] which
represent two proof obligations that replace the original obligationinithgction
baseand theinduction step

The induction base [dbj] was automatically proved by the external decision pro-
cedure CVCL which is indicated by the blue color and the comment “proved
(CVCL)". Clicking on the corresponding line in the “Proof Tree” shows this al-
ready proved state in more detail:

‘ Formula [S] proof state [dbj]

Constants (with types): sum.

Ixe| Vne N:n >0 = sum(n) = n+sum(n—1)
d3i| sum(0)=0

ﬂ sum(0) = w ‘

‘ Parent: [tca] ‘

4If the template has multiple occurrences[pf, pressing the “Tab” key moves the cursor to
the next occurrence.
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Apparently the new goal [nfqg] is an instantiation of the original goal where the
variablen is replaced by the constad{a red bar is shown to the right of the goal

to indicate that this is a formula that did not occur in the parent state). Since this
goal is (after a bit of simplification) implied by the assumption [d3i], the system
was able to prove it without human intervention.

Clicking on the line with label [ebj] in the proof tree returns our focus to the proof
state that actually requires our attention:

‘ Formula [S] proof state [ebj] ‘

Constants (with types): sum, n,.

Ixe | Vae N:n>0 = sum(n) = n+sum(n—1)
d3i| sum(0)=0

zke| ng?+np=2-sum(ng) ‘

hsf| sum(1+n) = 1+sum(ng)+ny \

‘ Parent: [tca] ‘

This state represents the induction step; it contains the declaration of a new natural
number constammy, an additional assumption [zkc] (representing the version of
the original goal where the variabteis instantiated byyg) and a new goal [hsf]
(representing the version of the original goal where the varialdénstantiated by

the term1+ np); red bars are shown to the right of these two formulas to indicate
that they are new.

Actually, the system implicitly simplifies all formulas before it presents them to
the user. Thus the formulas [zkc] and [hsf] are not syntactically equal but only
logically equivalent to the instantiations

(1) sum(ng) = (et Do

(2) sum(1+ng) = ((1+no)+21).(1+n0)

of the original goal. While it is easy to see that formula [zkc] is derived from
Equation (1) by simple arithmetic, it is not so easy to see that formula [hsf] is
indeed equivalent to Equation (2). The derivation

((1+no)+l)~(l+n0) . (n0+2)~(no+1)
2 - 2

sum1+ng) =
_ m+3ng+2  (n3+ng)+2no+2 (1) 2sunng)+2ng+2
2

2 = 2
=sum(ng) +no+ 1= 1+sumng) + np

shows that this is indeed the case under the assumption that Equation (1) holds
(which is used in one step of the derivation). Such automatically performed trans-
formations may help to considerably simplify a proof state (but, as shown above,
their correctness may not always be immediately obvious to the user).
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In order to close the resulting proof state, we have to apply the knowledge con-
tained in assumption [Ixe]. By moving the mouse cursor over the label of this
formula, a menu is revealed that shows us two possibilities to achieve this:

E_ Formula [bxe]

dZauto [xe: Automatically Instantiate Formula

zlinstantiate [] in Ixe: Instantiate Variable (s) in Formula

_expand [l inlxe: Expand Definition(s) in Formula
Egoal Ixe: Make Formula Goal
—flip Ixe: Flip Formula

The menu entry for the commamadto Ixe promises an automatic instantiation

of formula [Ixe] while the entry for the command templatstantiate []

in Ixe asks for an explicit instantiation term far Although we may prefer the
simplerauto Ixe , itis in our example easy to see that the required instantia-
tion term isng + 1 such that we may also select the template and instantiate it as
follows:

instantiate n _0+1 in Ixe;

(as one can see in the output area, the plain text forng &fn_0).

In either case (regardless of choosgo orinstantiate ), the system prints
in the output area

Proof state [k5f] is closed by decision procedure.
Formula S is proved. QED.

Proof saved (browse file S_index.xhtml).

Quit proof of formula S (use ’proof S’ to see proof).

which indicates that formul& has been proved and that the system has returned
to declaration mode. The menu of form@a& now

Formula S (proof status: trusted, closed, absolute)

prove 3: Construct Proof
proof 5: Show Proof

formula S: Print Formula

Its head line states that the formula has a proof with the following status (see
page 76): the proof islosed(it does not contain unproved statesiisted(it does

not depend on declarations that have been changed since the proof was created),
andabsolutg(it does not depend on other unproved formulas). Selecting the com-
mandproof S from the menu displays in the “Proof Tree” area the structure of
this proof:
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Proof Tree

= [tcal: induction n in byu
[dlyjl: proved (CWCLI
= [ekjl: instartiate n_0+1 in lxe
[k5f]: proved (CWCL]

All proof states are shown in blue indicating the successful completion of the
proof. We see that state [ebj] corresponding to the induction step is labelled by
the commandhstantiate n _0+1 in Ixe which has created a single child
state [k5f]; clicking on this state shows its presentation in the “Proof State” area:

‘ Formula [S] proof state [k5f]

Constants (with types): sum, ny.

Ixe | Vae N:n >0 = sum(n) = n+sum(n—1)

d3i| sum(0)=0

zke| ng?+ng=2-sum(ng)

Ise | ng+1>0 = sum(ng+1) = ng+1+sum(ng+1-1) |

M sum(1l+ng) = 1+sum(ng)+ng

‘ Parent: [ebj] ‘

This state contains a single additional assumption [Ise] representing the version
of [Ixe] where variablen is instantiated by the termy + 1. With the help of this
assumption, the external decision procedure CVCL was able to close the proof
state as indicated by the state comment “closed (CVCL)". If the comraatal

Ixe is applied instead, the proof state contains a large number of automatically
deduced instantiations, among them the one shown above.

The software distribution contains in directoexamples a text file sum.pn

with the declarations given in this section and a subdirectamples/sum

with the proof as shown above. Rather than typing in the declarations manually,
one may just go texamples , start the system and issue the command

read "sum.pn";

or just select the file from the GUI's menu entry “File/Read File”. The system
then reads the file, executes its declarations, and generates the output

read "sum.pn";
Value sum:NAT->NAT.
Formula S1.
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Formula S2.

Formula S.

Proof read (proof status: trusted, closed, absolute).
File sum.pn read.

which indicates that the previously generated proof is now read from file. Actu-
ally, only aproof skeletons read consisting of the commands performed to create
the proof: while the proof tree may be still displayed by commprabf S ,
clicking on the individual nodes of the tree only shows empty proof states. In or-
der to re-generate also the states, the proof has tedbeyed This is achieved by
simply executing the commarptove S which will yield the following dialog:

prove S;
Formula S already has a (skeleton) proof
(proof status: trusted, closed, absolute)
Replay skeleton proof (y/n)? y
Proof state [dbj] is closed by decision procedure.
Proof state [k5f] is closed by decision procedure.
Proof replay successful.
Use 'proof S’ to see proof.

After typing “y” to the question “Replay skeleton proof (y/n)?”, the system exe-
cutes the proof commands while showing in the “Proof Tree” its progress. When
the proof has been replayed, also the proof states can be displayed again.

The system keeps automatically track of the status of the declarations on which a
proof depends; if some declaration has been changed since the time the proof was
generated, the proof status is shown as “untrusted” which indicates that the proof
replay might give errors. Replaying an untrusted proof resets its status to “trusted”
(but possibly also from “closed” to “open”, because some proof commands may
yield errors such that some proof states cannot be closed any more). This au-
tomatic tracking of dependencies is a very helpful feature in the production of
real-world proof where it is frequently the case that during the proof development
some of the declarations change.

This first example should have given a first intuition about the style of interaction
with the system. In the next section, we will illustrate more of its features by a
more elaborate example.

3.2 A User-Defined Datatype

This section deals with a constructive definition of the datatype “array” and the
proof that this definition is adequate with respect to the fundamental properties
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that we expect of arrays. Such a datatype is useful for verifications of programs
operating on arrays; one such verification is shown in the next section. The def-
inition of the datatype also illustrates more features of the specification language
of our system.

This specification language already includes a type constrdg&AY such that

we can build, given arbitrary typd8IDEX andELEM, the typeARRAY INDEX

OF ELEM,; the elements of this type map every value of tyi®EX to a value of

type ELEM. For our purpose, we may defilDEX asNAT but then encounter

the problem that a programming language array has a finite length which needs to
be properly represented, too.

The Declarations These considerations lead us to the followtgge declara-
tions(see page 73):

INDEX: TYPE = NAT,
ELEM: TYPE;
ARR: TYPE = [INDEX, ARRAY INDEX OF ELEM];

These declarations introduce a type constAf?EX (which is identified with
NAT), a type constanELEM (which remains undefined and is thus assumed to
denote atype different from all other types), and a type const®R This type is
defined in the declaration as the domain of all binagleswhose first component

is of typeINDEX (representing the length of the array, i.e., the first index that is
not in use by the array) and whose second component is ofAigseAY INDEX

OF ELEM (representing the actual content of the array, i.e. the mapping of array
indices to array elements).

In subsequentalue declarationgsee page 73), we introduce various auxiliary
constants whose values remain undefined and that serve as error signals:

any: ARRAY INDEX OF ELEM,;
anyelem: ELEM;
anyarray: ARR;

We also define the following auxiliary function constant:

content: ARR -> (ARRAY INDEX OF ELEM) =
LAMBDA(a:ARR): a.l;
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The declaration of a function constant is just the declaration of a value constant
of function type, in our case a constaantentof type ARR -> (ARRAY INDEX

OF ELEM). The value of this function is defined by thenction value expression
(see page 69)AMBDA(a:ARR): a.1 which denotes the function that, given an
argumenta of type ARR, returns its second componeat], i.e. the content of the
array (the notatiom.i denotes componenbof tuplea; components are numbered
starting with0).

With the help of these auxiliary notions, we define our core functions on arrays:

length: ARR -> INDEX =
LAMBDA(a:ARR): a.0;
new: INDEX -> ARR =
LAMBDA(n:INDEX): (n, any);
put: (ARR, INDEX, ELEM) -> ARR =
LAMBDA(a:ARR, i:INDEX, e:ELEM):
IF i < length(a)
THEN (length(a), content(a) WITH [i]:=e)
ELSE anyarray
ENDIF;
get: (ARR, INDEX) -> ELEM =
LAMBDA(a:ARR, i:INDEX):
IF i < length(a)
THEN content(a)]i]
ELSE anyelem
ENDIF;

The meaning of these definitions is as follows:

e Functionlengthtakes an array as its argument and returns the array’s first
component, i.e., its length.

e Functionnewtakes an index (natural numberjand returns an array (tuple)
of length (first component) and content (second componeat) (thetuple
expression(a,b) denotes a tuple of two compone@andb, see page 71).

e Functionput takes an array, an indexi, and an elemerg¢. The value of
the function is defined by aonditional expressionf form IF E1 THEN
E2 ELSE E3 ENDIFthe expression denoté&=2 if the boolean valué&1 is
true, ande2 otherwise (see page 68). Consequently,s not in the index
range ofa, the function returns the arragnyarray(signalling an error);
otherwise it returns an array that is identicaldaexcept that its content at
indexi is e (thearray update expressioA WITH [l]:=E takes am$ARRAY
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value A, an index! in the domain ofA, and an elemenk in the range of
A;itreturns anARR value that is identical té\ except that it mapsto E,
see page 70).

e Functiongettakes an arrag and an index. If i is not in the index range of
a the function returns the elemeatyelem(signalling an error); otherwise
it returns the element of the contentaét indexi (thearray value expres-
sion A[l] takes anARRAY value A and an indeX in the domain ofA; it
returns the element & at index/, see page 70).

Proving the Array Axioms The adequacy of these definitions is stated by the
following formula declarationgsee page 74):

lengthl: FORMULA
FORALL(N:INDEX): length(new(n)) = n;

length2: FORMULA
FORALL(a:ARR, i:INDEX, e:ELEM):
i < length(a) =>
length(put(a, i, €)) = length(a);

getl: FORMULA
FORALL(a:ARR, i:INDEX, e:ELEM):
i < length(a) => get(put(a, i, €), i) = e;

get2: FORMULA
FORALL(a:ARR, i, j:INDEX, e:ELEM):
i < length(a) AND j < length(a) AND i /= ] =>
get(put(a, i, e), j) = get(a, j);

These declarations state that the functions defined above obey the laws expected
from arrays:lengthlsays that the request to allocate an array of lemgtideed

yields an array of this lengthength2states that putting an element into an array at

a valid index does not change the length of the argeyl says that consequently
looking up this array at that index yields the element put thget2 says that
looking up this array at any other valid index yields the original element there.

The pretty-printed versions of the declarations are shown below:
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. | INDEXetype=N
ELEMEe type
ARR € type = [INDEX, array INDEX of ELEM]
anye array INDEX of ELEM
anyeleme ELEM
anyarraye ARR
contente ARR —array INDEX of ELEM = Aae ARR:a.1
lengthe ARR -INDEX = Aa€ ARR: a.0
newe INDEX— ARR = Ane INDEX: (1, any)
pute (ARR, INDEX, ELEM)— ARR =

Lae ARR, ie INDEX, ec ELEM:

if i < length(a) then
(length(a), content(a) with [i]:=e) else
anyarray endif

gete (ARR, INDEX) ->ELEM =

Aae ARR, i€ INDEX: if i < length(a) then content(a)[{] else anyelem endif
lengthl = Vne INDEX: length(new(n)) =n
length2 =

Vae ARR, ie INDEX, e¢e ELEM: i < length(a) = length(put(a, i, €)) = length(a)
getl = Vae ARR, i€ INDEX, ec ELEM: i < length(a) = get(put(q, i, €), i) =¢
get2 =

Vae ARR, ie INDEX, je INDEX, ¢ ELEM:

i <length(a) A j<length(a) A i# j = get(put(a, i, ), j)=get(a, j)

The strategy for proving formulaengthl length2 getl andget2is in all cases

the same: we expand the constants by their definitions and apply the usual decom-
position rules to get rid of the universal quantifiéiGRALL) and of the logical
connectives implication=>) and conjunctionAND). The resulting proof states
have only atomic formulas and the system can close these states automatically.
We demonstrate this strategy in detail by the proof of the most complex formula
get2(the other proofs are analogous).

Selecting the commaratove get2 from the menu of formulget2yields the
initial proof state

‘ Formula [get2] proof state [adu] : expand length, get, put, content

Constants (with types): anyelem, get, length, put, content, anyarray, new, any.

Vae ARR, i€ INDEX, je INDEX, ec ELEM:
i <length(a) A j<length(a) = i=j v get(put(a, i, e), j)=get(a, j)

vv6

‘ Children: [c3b]

This state labelled [adu] consists of a single goal [vv6] representing the content of
formulaget2 To expand in this proof state all occurrences of the defined constants
to their values, we apply the command (see page 96)

5The following screenshots of proof states were taken from the already completed proof; the
proof state headers listing the applied proof commands and the links to the generated child states
are initially not visible.
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expand length, get, put, content;

The command may be typed in the input area; alternatively, we may press the
“Command List” button ﬁ select from the popup menu the command template
expand [] , instantiate the template parameter and hit the “Enter” key. Even
quicker, moving the mouse cursor over the label [vv6] reveals a formula menu
from which the more special templaggpand [] in vv6 can be selected and
instantiated; the resulting command performs instantiations only in this formula
(which has in the current state with a single formula the same net effect).

In any case, the expansion yields a single child state [c3b] of the following form:

‘ Formula [get2] proof state [c3b] : scatter

Constants (with types): anyelem, get, length, put, content, anyarray, new, any.

d5q| Vae ARR, i€ INDEX, je INDEX, ec ELEM:
i<al A j<al
=
i=j
Vv
if j< if i<a.0 then (a.0, a.1 with [i]:=e) else anyarray endif .0 then if
i <a.0 then (a.0, a.1 with [i]:=e) else anyarray endif .1[ ] else
anyelem endif = if j<a.0 then a.1[j] else anyelem endif

‘ Parent: [adu] Children: [qid]

The state has a single goal [d5q] which is the result of the expansion of all con-
stants in the parent’s goal [vv6]. The formula is now a bit unhandy; we become
unsure whether we have applied the right strategy and press the “Undo” button

to undo the effect (see page 83) of the expansion and return to the parent state
[adu] after discarding the generated state [c3b]. On the other hand, we were per-
haps too anxious and should unperturbedly proceed our path; pressing the “Redo”
button &> undoes the “Undo” (see page 83) and restores state [c3b]. In real-life
proofs, is perhaps the most often pressed button to investigate different proving
strategies; the existence g reassures us that the inadvertent use of this button
cannot cause any harm.

Our next goal is to simplify the proof state by getting rid of the universal quantifier
and of the logical connectives in the goal. The simplest way to achieve this is
pressing the “Scatter State” butt@ which applies various proving rules in
order to scatter the current state to a number of simpler ones (see page 87). A less
aggressive strategy is pursued when pressing the “Decompose State”@,rtton
which applies fewer rules in order to decompose the formulas in the current state
yielding a single child state only (see page 88). These two buttons are frequently
applied in the initial stages of a proof; usi@ has the advantage of quickly
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reducing a proof to interesting proof situations at the price of giving up explicit
control of the proving strategy; it is safer to apply fi*{l}' to get a simplified
version of the current state that can be investigated before scattering.

For our example the choice does not make any difference; pressing any of these
buttons yields the dialog

Proof state [qgid] is closed by decision procedure.
Formula get2 is proved. QED.
Save this proof and overwrite the previous one
(y/n)? y
Proof saved (browse file get2_ index.xhtml).
Quit proof of formula get2
(use ’'proof get2’ to see proof).

This indicates that the remainder of the proof has been automatically completed
and that the system has returned to declaration mode.

By selecting the commangroof get2 from the menu of formulget2 we see
the structure of the generated proof:

[adu]: expand length, get, put, content
[c3b]: scatter
[qid]: proved (CVCL)

From state [c3b] a single child state was generated that was automatically proved
by the external decision procedure CVCL. Clicking on the corresponding node in
the tree displays the state as follows:

‘ Formula [get2] proof state [qid] : proved (CVCL)

Constants (with types): ag, anyelem, get, length, put, content, j,, new, anyarray, eg, any, ig.

kxh| ip < ag.O
bfe| jy<ap.0
dfd| jo#io

2ya| if jy<ap.0 then ag.1[j ] else anyelem endif = if j, < if ip <ap.0 then (ag.0, ap.1
with [ig] :=ep) else anyarray endif .0 then if ip < ap.0 then (ay.0, ap.1 with [ig
]:=ep) else anyarray endif .1[ j,] else anyelem endif

‘ Parent: [c3b]

The state has four new constamts ig, jo, andeg that replace the bound vari-

ables of the universally quantified goal [d5q] in the parent state (see page 103).
The resulting goal without quantifier was decomposed into three atomic formu-
las as assumptions and a single atomic formula (the equality of two conditional



28 Chapter 3. Examples

expressions) as a goal. This proof state was automatically closed by the decision
procedure; for a human, the corresponding reasoning steps are (although not really
difficult) tedious and error-prone.

This small example already illustrates a general strategy of how to work with the
system: to decompose a proof and get rid of quantifiers until sufficiently much
low-level knowledge in the form of atomic predicates is available such that a de-
cision procedure can automatically close the proof state. The task of the human
(and the difficulty in real-world proofs) is to expose this low-level knowledge by
guiding the overall proof construction; the task of the system is to make this pro-
cess as painless as possible and to take over (via an external decision procedure)
low-level reasoning on builtin datatypes (such\s#sTor ARRAY.

Proving the Extensionality Principle We now turn our attention to another
interesting property that we expect of arrays and that requires some more work
from the user: we would like to prove the “extensionality principle” that two
arrays are identical if and only if they have the same length and hold the same
elements. For this purpose, we have first to introduce two axioms:

extensionality: AXIOM
FORALL(a, b:ARRAY INDEX OF ELEM):
a=b <=> (FORALL(i:INDEX):a[i]=bli]);

unassigned: AXIOM
FORALL(a:ARR, i:INT):
(i >= length(a)) => content(a)[i] = anyelem;

The first axiom states the extensionality principle on the type constrAg®AY

(this principle is not builtin into the system). The second axiom states that we may
assume that the content of an array outside the valid index range is the definite but
unspecified valuanyelermsuch that content of two arrays of same length outside
their index range is the same.

With the help of these axioms we are going now to prove the following formula:

equality: FORMULA
FORALL(a:ARR, b:ARR):
a=>b <=
length(a) = length(b) AND
(FORALL(i:INDEX): i < length(a) =>
get(a,i) = get(b,i));

The pretty-printed versions of the declarations are shown below:
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axiom extensionality =
Vae array INDEX of ELEM, be array INDEX of ELEM:
a=b < (Vie INDEX: q[i] = b[i])
axiom unassigned = Vae ARR, ie Z:i > length(a) = content(a)[i] = anyelem
equality =
Vae ARR, be ARR:
a=b
=
length(a) = length(b)
A
(Vie INDEX:i < length(a) = get(a, i) = get(d, i))

To support the understanding of the following presentation, we already show the
structure of the proof that we are going to generate:

[adt]: expand length, get, content
[cw2]: scatter
[gey]: proved (CVCL)
[rey]: assume b_0.1 =a_0.1
[zpt]: proved (CVCL)
[1pt]: instantiate a_0.1, b_0.1 in 1fm
[y51]: scatter
[ku2]: auto
[iub]: proved (CVCL)

By selecting “Prove equality” from the menu of formudguality we encounter
the initial state [adt] with two assumptions [1fm] and [gca] representing the ax-
ioms and the goal [hwd] representing the formula to be proved:

‘ Formula [equality] proof state [adt] : expand length, get, content

Constants (with types): anyelem, get, length, put, content, anyarray, new, any.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
a=b < (Vie INDEX: ali] = bli])
gca| Vae ARR, ie Z:i>length(a) = anyelem = content(a)[]

hwd Vae ARR, be ARR:
a=b
=
length(a) = length(b)
T8
(Vie INDEX: i < length(a) = get(a, i) = get(d, i)

‘ Children: [cw2]

We expand the constant definitions by executing comnexqénd length,
get, content yielding the state [cw2]:
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Formula [equality] proof state [cw2] : scatter

Constants (with types): anyelem, get, length, put, content, anyarray, new, any.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
a=b < (Vie INDEX: ali] = bli])
3p3| Vae ARR, i€ Z:i>a.0 = anyelem = a.1[i]

n14| Vae ARR, be ARR:
a=b
=
a0=5.0
A
(Vie INDEX:
i<al
=
if i <a.0 then a.1[i] else anyelem endif = if i <b.0 then b.1[i]
else anyelem endif )

Parent: [adt] Children: [gey] [rey]

Rather than investigating this state in depth, we aim to quickly push forward to the
actual core problem by pressing the “Scatter” butﬂm which yields two child
states [gey] and [rey]. While the state [gey] (corresponding to the “left to right”
direction=- of the proof) is automatically closed, we have to analyze state [rey]
(corresponding to the “right to left"directiog=) in more detail:

‘ Formula [equality] proof state [rey] : assume b_0.1 =a_0.1

Constants (with types): ag, anyelem, get, length, put, content, new, anyarray, by, any.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
| a=b < (VieINDEX:4[i] = bli])
3p3| Vae ARR, i€ Z:i>a.0 = anyelem = a.1[i]
ruq | Vie INDEX:
i<apl
=
if i <ap.0 then agp.1[i] else anyelem endif = if i < by.0 then by.1[i] else anyelem
endif

3ib bgo = agAO
ﬂ by =dagp

‘ Parent: [cw2] Children: [zpt] [1pt]

The state has a single goal [04i] stating the equality of two aregyand by

(two new constants that were introduced for the universally bound variables in
the original goal). The assumption [3sb] states that their first components (the
array lengths) are equal. So what is missing to close the state is apparently the
knowledge that also their second components (the array contents) are equal. By
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executing the commarmassume b _0.1 = a 0.1 (see page 94) we can intro-
duce this knowledge as an assumption yielding a new state [zpt] (which is cor-
respondingly automatically closed) and another state [1pt] with a goal [Sbh] that
represents the obligation is to prove this assumption:

‘ Formula [equality] proof state [1pt] : instantiate a_0.1, b_0.1 in 1fm

Constants (with types): ag, anyelem, get, length, put, content, new, anyarray, by, any.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
a=b < (Vie INDEX: ali] = bli])
3p3| Vae ARR, i€ Z:i>a.0 = anyelem = a.1[i]
rug| Vie INDEX:
i< ao.O
=
if i <ap.0 then ap.1[i] else anyelem endif = if i < b4.0 then bg.1[{] else anyelem
endif

3ib bp.0=ay.0

5bh| bg.1 =ap.1

‘ Parent: [rey] Children: [y51]

The proof of this goal apparently depends on the knowledge contained in the uni-
versally quantified assumptions [1fm], [3p3], and [ruq] such that we may be at-
tempted to ask for an automatic instantiation of these formulas. Actually, the
“Auto” button ﬁ (respectively the commanauto , see page 93) implements
this feature. However, when we press this button, the system executes for a while
(if we get impatient, we may abort the execution by pressing the “Abort” button
@) and finally terminates leaving the current state unchanged, which means that
the system could not find the right instantiation to close the proof state.

Thus we have to to rely on our own wit and investigate the assumptions further. We
decide that the knowledge expressed in assumption [1fm] foARBAY INDEX

OF ELEM variablesa andb actually applies to the two valueg.1 andbg.1in our

goal. We thus select from the menu of [1fm] the templattantiate []

in 1fm which we complete to the commantstantiate a 01, b 01

in 1fm whose execution yields the following state:
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Formula [equality] proof state [y51] : scatter

Constants (with types): ag, anyelem, get, length, put, content, new, anyarray, by, any.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
] a=b < (Vie INDEX: ali] = b[i])
3p3| Vae ARR, i€ Z:i>a.0 = anyelem = a.1[i]
ruq | Vie INDEX:
i<apl
=
if i <ap.0 then agp.1[i] else anyelem endif = if i < by.0 then by.1[i] else anyelem
] endif
3ib bgO = ag.O
2sq| Jie INDEX: ay.1[i] # by.1[i]

Bbh| bg.1 =agp.1

‘ Parent: [1pt] Children: [ku2]

This state contains an existentially quantified assumption [2sq]; by pressing the
“Scatter” buttonﬁ (or just the more predictable “Decomposiir) we get the
following state with assumption [Ihm] that represents the version of the previous
assumption [2sq] where a hew constgyrieplaces the variabie

‘ Formula [equality] proof state [ku2] : auto

Constants (with types): ag, anyelem, get, length, put, content, anyarray, new, by, any, iy.

1fm| Vae array INDEX of ELEM, be array INDEX of ELEM:
] a=b < (Vie INDEX: ali] = bli])
3p3| Vae ARR, i€ Z:i>a.0 = anyelem = a.1[i]
rug| Vie INDEX:
i< ag‘O
=
if i <ap.0 then ayp.1[i] else anyelem endif = if i < by.0 then by.1[i] else anyelem
endif

@ bgO = (10‘0
lhn ag‘l[l.g] * bgl[lg]

5bh| bp.1=ap.1

‘ Parent: [y51] Children: [iub]

Lazy as can be, we again try automatic instantiation with the “Auto” bL"FE:ﬁ,,.n
and this time get the now already familiar termination dialog

Proof state [iub] is closed by decision procedure.
Formula equality is proved. QED.
Save this proof and overwrite the previous one
(yin)? y
Proof saved (browse file equality_index.xhtml).
Quit proof of formula equality
(use ’proof equality’ to see proof).
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with the system returning to declaration mode. Selecting “Proof equality” from
the menu of formulaqualityshows the proof skeleton already depicted above.

As we can see from this proof, the automatic instantiation of universally quanti-
fied assumptions (or, dually, existentially quantified goals) is not a “cure for all”
strategy. The system applies a very simple strategy to instantiate such formulas by
a limited number of suitable terms and then attempts to close the resulting proof
state by a decision procedure that takes into account the formulas without quanti-
fiers only; if the right combination of instantiations cannot be found (which gets
more and more unlikely, the larger the number of quantified formulas in the proof
state is), the user must provide (at least some of) the “right instantiations” on her
own, which requires creativity and insight into the proof.

In the next section, we will investigate several proofs that require more such in-
sight from the user.

3.3 A Program Verification

Our next goal is the verification of a small program that represents the core of
linear search the program finds the first indexat which a valuex occurs in an
arraya; r is —1, if xdoes not occur i@

{olda=aAnoldx=xAn=length{a) N\i =0Ar = —1}
whilei <nAr=-1do
if afi] = x
thenr ;=i
elsei :=i+1
{a=oldaA x = oldxA
((r=—=1AVi:0<i< lengtha) = ali] # x) v
(0<r<lengtHa)nalr] =xAVi:0<i<r=afi| #x))}

Above program specification is given in the form oftdoare triple[8] of the form
{1'}P{O} which states th@artial correctnesf P: that, if the input conditiori
holds before the execution & then the output condition sh&ll hold afterwards
(provided thaP terminates).

The Verification Conditions By the rules of the Hoare calculus [8], we can
derive from above triple fouverification conditiong\, By, B,, andC that have to
be proved:
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Input:< olda= aAoldx=xAn=lengta) N\i =0AT = -1
Output:< a = oldaA x = oldxA
((r=—1AVi:0<i < lengtha) = a[i] # x) vV
(0<r < lengtha) Na[r] =xAVi:0<i<r=ai] #X))
Invariant:< olda= aAoldx= xAn = lengtha) A
0<i<nAVj:0< j<i=a[j] #XA
(r=-=1v(r=iAi<nAa[r] =Xx))

A& Input= Invariant

B1 i< InvariantAi < nAr = —1Aa[i] = x= Invariant]i /r]

By i< InvariantAi < nAr = —1Aa[i] # X = Invariant[i + 1/i]
C & InvariantA =(i < nAr = —1) = Output

ConditionA states that the input condition establishes the loop invariant (a condi-
tion that is true before and after each iteration of the loop), condiarendB;

state that the invariant is preserved by both branches of the conditional statement
in the loop body, conditiof states that the invariant and the negation of the loop
condition establish the output condition. The notatda/x| denotes a version of
formulaF where every free occurrence of varialile replaced by term (after a
suitable renaming of bound variablesHi).

We are now, based on the definition of the datatype “array” given in the pre-
vious section, describing the formulation of these conditions in our system (the
software distribution includes the example presented in this section in directory
examples with the declarations listed in filknsearch.pn and the proofs
stored in subdirectorinsearch ).

First we declare the constants occurring in the verification conditions and the pred-
icateslnput andOutputin which these constants freely occur:

a: ARR; olda: ARR; x: ELEM; oldx: ELEM;
i: NAT; n: NAT; r: INT;

Input: BOOLEAN =
olda = a AND oldx = x AND n = length(a)
AND i = 0 AND r = -1;

Output: BOOLEAN =
a = olda AND
((r = -1 AND
(FORALL(:NAT): j < length(a) => get(a,j) /= X))
OR
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(0 <= r AND r < length(a) AND get(a,r) = x AND
(FORALL(:NAT): j < r => get(a,j)) /= x)));

Since the verification conditions use different instantiationsedriant this pred-
icate does not directly refer to above constants but is provided with corresponding
parameters instead:

Invariant: (ARR, ELEM, NAT, NAT, INT) -> BOOLEAN =
LAMBDA(a: ARR, x: ELEM, i: NAT, n: NAT, r: INT):
olda = a AND oldx = x AND n = length(a) AND
i <= n AND
(FORALL(:NAT): j < i => get(a,j) /= x) AND
(r=-1 OR (r =i AND i < n AND get(a,r) = x));

The four verification conditions can now be defined as follows:

A: FORMULA
Input => Invariant(a, X, i, n, r);

B1l: FORMULA
Invariant(a, X, i, n, r) AND i < n AND r = -1
AND get(a,i) = x => Invariant(a, x, i, n, i);

B2: FORMULA
Invariant(a, X, i, n, r) AND i < n AND r = -1
AND get(a,i) /= x => Invariant(a, x, i+1, n, r);

C. FORMULA
Invariant(a, x, i, n, r) AND
NOT(i < n AND r = -1) => Output;

The parameterized predicaigvariant is applied to those arguments that corre-
spond to the instantiation values in the original definition, éwgariant(a, x, i+1,
n, r) representénvariantia/a, x/x,i+1/i,n/n,r/r].

The pretty-printed versions of the declarations are shown below:
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Inpute B=olda=a A oldx=x A n=Ilength(a) A i=0 A r=-1
Outpute B=
a=olda
A
( r=-1A(VjeN:j<length(a) = get(a, j)#X)
v
0<r A r<length(a) A get(a, r)=x
A
(Vje N:j<r= get(a, j)#x)
Invariante (ARR, ELEM, N, N, Z)—>B =
Aae ARR, xe ELEM, ie N, ne N, re Z:
olda=a A oldx=x A n=Ilength(a) A i<n
A
(VjeN:j<i= get(a, j)#Xx)
I\
(r==1lvr=ini<nn ge(a, r)=Xx)
A = Input = Invariant(a, x, i, n, r)
Bl =
Invariant(a, x, i, n, ) Ai<n Aar=-1 A get(a, )=x
—>
Invariant(a, x, i, n, i)
B2 =
Invariant(a, x, i, n, Y Ai<nAr=-1 A get(a, ) #x
=
Invariant(a, x, i+1, n, r)
C = Invariant(a, x, i, n, ) A1 (i<n A r=-1) = Output

We are now going to discuss the proof of each condition in turn, starting for better
understanding with a display of the the overall structure of each proof.

Verification Condition A The proof of verification conditior is very simple:

[bea]: expand Input, Invariant
[fuo]: scatter
[bxg]: proved (CVCL)

The root state [bca] consists of a single goal formula:

‘ Formula [A] proof state [bca] : expand Input, Invariant

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

obk| Input = Invariant(a, x, i, n, r)

‘ Children: [fuo]
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We executeexpand Input, Invariant and get the proof state[fuo].

‘ Formula [A] proof state [fuo] : scatter ‘

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

db6 olda=a A oldx=x A n=length(@) A r=-1Ai=0
=
olda=a A oldx=x A n=length(a) Ai<n
A
(r==1vr=ini<nax=gela, r))
A
(VjeN:ix=gel(a, j)= j=1i)

‘ Parent: [bca] Children: [bxg] ‘

Rather than investigating this state, we simply press the “Scatter” bﬂmn
which generates a single state [bxg] which is automatically closed by the deci-
sion procedure.

Verification Condition B1 The proof of verification conditio1 is trivial:

[p1b]: expand Invariant
[Ife]: proved (CVCL)

The root state [p1lb] consists of a single goal [en3] with two occurrences of the
predicatelnvariant

‘ Formula [B1] proof state [p1b] : expand Invariant

Constants (with types): anyelem, r, get, length, put, content,
Invariant, new, anyarray, Output, Input, oldx, i, a, n, olda, x, any.

en3 Invariant(a, x, i, n, r) A r=—-1 A x=get(a, i)
=
Invariant(a, x, i, n, i) vn<i

‘ Children: [I6]

We executeexpand Invariant which results in a single child state [If6] that
is closed automatically.
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Verification Condition B2 The proof of verification conditio®1 has the fol-
lowing structure:

[a1b]: expand Invariant in 6kv

[sIx]: scatter

[aly]: auto
[cch]: proved (CVCL)

[b1y]: proved (CVCL)
[c1y]: proved (CVCL)
[d1y]: proved (CVCL)
[e1y]: proved (CVCL)

Like in the proof of conditionB1, the root state [glb] consists of a single goal
[6kv] with two occurrences of the predicali@variant

‘ Formula [B2] proof state [q1b] : expand Invariant in 6kv

Constants (with types): anyelem, r, get, length, put, content,
Invariant, new, anyarray, Output, Input, oldx, i, a, n, olda, x, any.

6kv| Invariant(a, x, i, n, ) A r=—1
=
x = get(a, i) v Invariant(a, x, 1+i, n, ) va<i

Children: [slx]

We execute the commarakpand Invariant in 6ev which results in the
following state:

‘ Formula [B2] proof state [six] : scatter

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

kvg olda=a A oldx=x A n=Ilength(a) A (Vje N:x=get(a, j) = j=i)

r=-1
=
x=get(a, ) vn<ivn<i
v
re=1An(x=get(a, N Ar=i=n<i
v
olda=a A oldx=x A n=length(a) A 1+i<n
A
(r=—1vx=get(a, N Ar=i+l Al+i<n)
A
(VjeN:x=get(a, j) = j>1+i)

Parent: [q1b] Children: [a1y] [b1y] [c1y] [d1y] [e1Y]
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Rather than investigating this state further, we press the “Scatter” bﬂmn
which generates five children states of which four are closed automatically. Only
the state [aly] requires our attention:

‘ Formula [B2] proof state [a1y] : auto

Constants (with types): anyelem, r, get, length, put, Invariant,
content, j,, anyarray, new, Output, Input, oldx, i, a, n, olda, any, x.

ed2| olda=a

cmz| oldx=x

hwv | n=length(a)

564| VjeNix=get(a, j) = j>i
ptg | x# get(a, i)

I6h | i<n

E r==1vr=inx=get(a,r)
kdw| x = gewa, jo)

k| 1+i < jg

Parent: [six] Children: [cch]

This state contains a universally quantified assumption [564]. We guess that this
assumption needs to be appropriately instantiated and press the “Auto” @:ton
which generates a single child state [cch] that is automatically closed; thus the
proof is complete.

Verification Condition C The proof of conditionC has a slightly more com-
plicated structure:

[dca]: expand Invariant, Output in zfg
[tvy]: scatter
[deu]: auto
[t4c]: proved (CVCL)
[ecu]: split pkg
[kel]: proved (CVCL)
[lel]: scatter
[lvn]: auto
[lap]: proved (CVCL)
[feu]: auto
[blt]: proved (CVCL)
[geu]: proved (CVCL)

The root state [dca] has goal [zfg] with occurrences of the predidatesiant
andOutput
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‘ Formula [C] proof state [dca] : expand Invariant, Output in zfg

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

zfg| Invariant(a, x, i, n, r) = Output v i<n A r=-1

‘ Children: [tvy]

We use the commanexpand Invariant, Output in zfg to replace
these predicates by their definitions, which results in the following state:

‘ Formula [C] proof state [tvy] : scatter

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

aqe olda=a A oldx=x A n=length(a) A (Vje N:x=get(a, j) = j=i)

=
n<ivrz=lax=getla, N Ar=i=>n<i)vi<nar=-1
v
olda=a
A
( r=-1A(Vje N:x=get(a, j) = j=length(a))
v

0<r A x=get(a, r) A r<length(a)
A
(VjeN:x=get(a, ) = j=1)

‘ Parent: [dca] Children: [dcu] [ecu] [fcu] [gcu]

As usual, we do not bother to investigate the structure of this state further but
immediately press the “Scatter” butt@ which generates four children states

of which one is closed automatically. Of the three remaining states [dcul], [ecu],
and [fcu], the first one is as follows:

‘ Formula [C] proof state [dcu] : auto

Constants (with types): anyelem, r, get, length, put, Invariant, content, j, anyarray, new, Output,
Input, oldx, i, a, n, olda, any, x.

ed? | olda=a

cmz| oldx=x

‘hvv | n=1length(a)

564 | VjeNix=get(a, j)=> j>i
mys| i<n

xew| r=-1

cpb | n<i

kdw| x=get(a, jy)

6ha| jo<n

f5e| x= get(a, —1)

‘ Parent: [tvy] Children: [t4c]
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The state has an universally quantified assumption [564]; thus it looks like as if
we need to use a proper instantiation of this formula. Before trying the “Auto”
buttonﬁ we remember the other two open states and ponder that they may have

similar structures. Rather than applyi@ individually on each state, we press

the buttor¥-, which applies th@uto command not only to the current state but
also to all its sibling states (see page 92). Our boldness is rewarded by the fact that
both [dcu] and [fcu] are automatically closed such that we only need to investigate
state [ecu] further:

‘ Formula [C] proof state [ecu] : split pkg ‘

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

ed2| olda=a

cmz| oldx = x

hwv | n=length(a)

564 | Vje N:x=getla, j) = j2i

mys| i<n

g? r=-1vr=ianx=get(a r)Ai<n

o | r=-1=n<i

pkg | r=—-1= (Jje N:x=get(a, j) ~ j<length(a))

MOSI‘ ‘

‘ Parent: [tvy] Children: [kel] [lel] ‘

This state has three assumptions [gkr], [orv] and [pkg] that start with the atomic
formular = —1 (which, as we remember, denotes “element not found” in the
program). Ifr = —1, we can derive additional knowledge from the implications
[orv] and [pkg] (wherer = —1 appears in the hypothesis of the implication such
that we can deduce its conclusion part);r ¢ —1, we may derive additional
knowledge from the disjunction [gkr] (because then the remaining clauses of the
disjunction must be true). Thus our further reasoning depends on the fact, which
of the two possibilities = —1 orr # —1is true and we have to split our our proof
correspondingly into two branches.

One way to proceed is thus to execute the comneas® r=-1 which gener-

ates two child states, one with the additional assumptien—1, one with the
additional assumption# —1 (see page 95). However, there also exists another
possibility: moving the mouse cursor over the labels of [gkr], [orv], and [pkg]
reveal popup menus that list applications of the comnsgiid  to these formu-

las. This command “splits” the current state into several child states each of which
receives as an additional assumption one of the components of the disjunctive for-
mula to which the command is applied (see page 89, also an implidatienG

can be seen as a disjunctiof v G).
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Being lazy, rather than typing inase r=-1 on the command line, we select
from the menu of [pkg] the commargplit pkg . This yields two child states

of which one is automatically closed while the other with label [lel] still requires
our attentiofi:

‘ Formula [C] proof state [lel] : scatter

Constants (with types): anyelem, r, get, length, put, content, Invariant, new, anyarray, Output,
Input, oldx, i, a, n, olda, x, any.

ed2| olda=a

cmz| oldx=x

@ n =length(a)

564 | VjeN:ix=geta, j) = j=i

mys| i<n

£ r==lvr=inx=get(a, ) Ai<n

o | r=-1=>n<i

1bb | 3je N: x=get(a, j) A j<length(a)

jhj‘OSr

‘ Parent: [ecu] Children: [Ilvn]

This state has an existential assumption [1bb]. To get rid of the quantifier, we
press the “Scatter” butto<l and get the state [Ivn]:

‘ Formula [C] proof state [lvn] : auto

Constants (with types): anyelem, r, get, length, put, Invariant, content, j,, anyarray, new, Output,
Input, oldx, i, a, n, olda, any, x.

ed2|olda=a

cmz| oldx = x

v | n=length(a)

@ VjeN:ix=get(a, j) = j2i
mys|i<n

gkr | r=-lvr=inx=get(a, r)Ani<n
o | r=-1=n<i

kaw| x=gel(a, jg)

Bha| jo<n

jhj‘0£r

‘ Parent: [lel] Children: [lap]

This state contains a universally quantified assumption [564]; before investigating
the state any further, we try whether the automatic instantiation of this formula

5The reader may try the alternative path which leads to a slightly different but essentially
equivalent proof.
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with the “Auto” button"éﬂ does any good: indeed, a proof state [lap] is generated
which is automatically closed such that the proof is completed.

Having proved all verification conditions, the partial correctness of the initially
stated program is verified.

As shown in this proof, splitting proof states by case distinctions belongs to those
activities (apart from expanding definitions, finding instantiations of quantified
formulas, and introducing lemmas, see the next section) where human intervention
is required. Since such splits may have drastic consequences on the size of the
proof tree (and thus the complexity of the proof), the system does not try on its
own to split a proof state by disjunctive assumptions (the “Scatter” blﬂn

splits proof states by conjunctive goals only).

3.4 Another Verification

Our final example uses another program verification in order to illustrate some
more features of the system and subtle points of its use. The program to be verified
represents the core of thxnary searchalgorithm for finding an elementin an
arraya of integer numbers that is sorted in ascending order; the program sets a
result valuer to an index at whickx occurs ina, respectively to-1, if x does not
occur ina. The verification task is described by the following Hoare triple:

{olda=anoldx=xA(Vj:0< ] <lengtha)—1=a[j] <a[j+1])A
r=—1Alow=0Ahigh=lengtha) — 1}
while r = —1Alow < highdo
mid := | (low+ high) /2]
if ajmid] = x then
r:=mid
else ifamid] < x then
low:=mid+1
else
high:=mid—1
{a=oldan x = oldxA
(r=—-1A(Vi:0< j<lengtha) = a[j] #x)) vV
(0<r<lengtha)Aajr] =x))}

The main difference of to the verification presented in the previous example is the
requirement of the array to be sorted and the computation of the mé#xo be
investigated next: this computation makes use of the division opefdtanose
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result need not be an integer) and of the “floor” operatdorwhich maps a real
numberx to the largest integer number less than or equal

By the rules of the Hoare calculus, we derive the following five verification con-
ditions A, B;, By, Bz, andC whereB;, By, andB3 describe the fact that the loop
invariant is maintained by each of the three paths that may be taken through the
body of the loop:

Input: <
olda=aAoldx=xA(Vj:0< j<lengtha)—1=a[j] <a[j+1]) A
r = —1Alow=0Ahigh=lengthla) — 1
Output:&
a=oldaA x = oldxA
(r==-1A(Vj:0< j<lengtha) = a[j] #x))V
(0<r <lengtha) Aafr] =x))
Invariant <
olda=aAoldx=xA(Vj:0< j<lengtha)—1=a[j] <a[j+1]) A
—1<r<lengtha)A(r#—-1=afr] =x)A
0 <low < lengthla) A —1 < high < length(a) A low < high+ 1 A
(Vj:0<j<lengtha)Aj <low= a[j] <Xx)A
(Vj:0<j<length(a) Ahigh< j = x<aj])

A& Input=- Invariant _
B1 :< InvariantAr = —1Alow < highA a[LM‘J] =X=
Invariant] | 2¥£NGR | /y]

By :< InvariantAr = —1Alow < highA a[LM’J] 7# XA

a[| fowthigh |y — nvariant(| 249N 4 1) /low]

Bz 1< InvariantAr = —1Alow <= highA a[LM‘J] # XA
a[|\WEhiah |} £ x = Invariant](| '2ANEN | _ 1) /high

C < InvariantA —(r = —1Alow < high) = Output

A crucial part of the invariant says that “arrays sorted” by the formul&j : 0 <
j <length(a) — 1= alj] <alj+1]), a property that will become essential in the
subsequent proof.

The software distribution contains in direct@yamples the text filebinary-
search.pn with the corresponding declarations in the specification language of
our system and a subdirectdmnarysearch  with the corresponding proof. In
the following, we will focus on verification conditioB3 whose proof is the most
demanding one.
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Since the specification language does not have a builtin “floor” function, we intro-
duce a constarioor by the following declaration which is accompanied by the
declaration of an axiom that characterizes this constant:

floor: REAL->INT;
floorAxiom: AXIOM
FORALL(X:REAL): floor(x) <= x AND
NOT(EXISTS(Y:INT): y <= x AND floor(x) < vy);

Based on the already previously described definition of datatype “array”, (which
we specialize in this verification to “array of integers”), we introduce constants for
the program variables and mathematical constants occurring in the Hoare triple:

a: ARR; olda: ARR; x: INT; oldx: INT;
low: INT; high: INT; mid: INT; r: INT;

The verification conditions use various versions of the preditatgriantwhich
is therefore correspondingly parameterized:

Invariant: (ARR, INT, INT, INT, INT) -> BOOLEAN =
LAMBDA(a: ARR, x: INT, low: INT, high: INT, r: INT):

a = olda AND x = oldx AND

(FORALL (j:NAT): j < length(a)-1 =>
get(a, j) <= get(a, j+1)) AND

-1 <= r AND r < length(a) AND

(r /= -1 => get(a, r) = x) AND

0 <= low AND low <= length(a) AND

-1 <= high AND high < length(a) AND

low <= high+1 AND

(FORALL (j:NAT): j < low AND j < length(a) =>
get(a,j) < x) AND

(FORALL (j:NAT): high < j AND j < length(a) =>
get(a,j) > x);

The pretty printed form of this invariant is shown below:
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Invariante (ARR, Z, Z, 7, 7) —>B =
Aae ARR, xe Z, lowe Z, highe Z, re Z:
a=olda A x=oldx
A
(Vje N: j<length(a)—1 = get(a, j) < get(a, j+1))
A
-1 <r Ar<length(a) A (r# -1 = get(a, r)=x) A 0<low
A
low <length(a) A —1 <high A high <length(a) A low <high+1
A
(Vje N: j<low A j<length(a) = get(a, j) < x)
A
(Vje N:high < j A j<length(a) = get(a, j) > x)

Proving a Lemma As we will see below, the proof oB3 (and likewise the

proof of B2) requires additional knowledge about sorted arrays. In particular,
we need to infer that the fact that every pair of neighbor elements preserves the
right order (the definition of “sorted”) implies the fact that also every pair of non-
neighbor elements preserves the order. We express this knowledge in the form of
a declaration of a formula (lemma).

L: FORMULA
(FORALL (j:NAT): j < length(a)-1 =>
get(a, ) <= get(a, j+1)) =>
(FORALL (j, k:NAT): j < length(a) AND
k < length(a) AND k <= j =>
get(a, k) <= get(a, j));

The pretty printed form of this lemma is shown below:

™~
M1l

(Vje N: j<length(a)—1 = get(a, j) < get(a, j+1))
=
(Vje N, ke N:
j <length(a) ~ k <length(a) A k< j = gel(a, k) < geta, j))

The overall structure of the proof of this lemma is as follows:
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[mca]: flatten
[c3f]: induction j in z42
[3da]: scatter
[s3K]: proved (CVCL)
[4da]: scatter
[idt]: auto
[4Kl]: proved (CVCL)

The root state [mca] of this proof is depicted below:

Formula [L] proof state [mca] : flatten

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, a, mid, olda, x, any.

6hu| Vxe R:floor(x) <x A (Vye Z: y> x v floor(x) > y)

odj (Vje N: j+1 <length(a) = get(a, j) < get(a, j+1))
=
(VjeN, ke N:
j <length(a) A k <length(a) A k< j = get(a, k) < get(a, j))

Children: [c3f]

The goal [odj] is an implication of two universally quantified formulas. We may
thus be attempted to perform a predicate logic proof by pressing the “Scatter”
buttonﬁ, but the resulting proof state is a dead end, as is also the result of the

more conservative ‘Decompose” butt<ir. A closer investigation of state [mca]
gives us the key idea to perform an induction proof on the conclusion of the goal,
but for this purpose we first need to break up the implication. Consequently, we
invoke the commandatten described on page 102 which leads to the state
[c3f] whose goal [z42] is a universally quantified formula with natural number
variablesj andk:

Formula [L] proof state [c3f] : induction j in z42

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, a, mid, olda, x, any.

6hu| Vxe R:floor(x) <x A (Vye Z:y> x v floor(x) > y)
iuh | Vje N: j+1 <length(a) = get(a, j)<get(a, j+1) |

z42| V je N, ke N: j <length(a) A k <length(a) A k < j = get(a, k) < gel(a, j) |

Parent: [mca] Children: [3da] [4da]
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We decide to perform the induction on the first variable of the goal and conse-
guently executénduction j in z42 resulting in two child states [3da] and
[4da].

The proof state [3da] represents the induction base:

Formula [L] proof state [3da] : scatter

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, @, mid, olda, x, any.

6hu| Vxe R:floor(x) <x A (Vye Z: y> x v floor(x) > y)
iuh | Vje N: j+1 <length(a) = get(a, j) <get(a, j+1)

6nq| Vke N:0 <length(a) A k <length(a) A k <0 = get(a, k) <gei(a, 0) |

Parent: [c3f] Children: [s3k]

Its goal [6nq] is still universally quantified; we thus apply the ‘Scatter” buﬂn
which results in a proof state that is automatically closed.

The proof state [4da] represents the induction step:

Formula [L] proof state [4da] : scatter

Constants (with types): high, anyelem, r, get, length, put, Invariant, content, j,,
anyarray, new, Output, floor, Input, low, oldx, a, mid, olda, any, x.

6hu| Vxe R:floor(x) < x A (Vye Z: y> x v floor(x) > y)
iuh | Vje N: j+1 <length(a) = get(a, j) < get(a, j+1)
cgs| Vke N: j,<length(a) A k <length(a) A k < j, = get(a, k) < geta, jy) ‘

awd Vke N:
Jot1<length(a) A k <length(a) A k< j,+1 = get(a, k) < gella, j,+1)

Parent: [c3f] Children: [jd{]

Its goal [aw4] is also still universally quantified; we thus apply the ‘Scatter” button
ﬁ resulting in the following state [jdt]:
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Formula [L] proof state [jdt] : auto

Constants (with types): ky, high, anyelem, r, get, length, put, content, Invariant,
new, anyarray, j,, floor, Output, Input, low, oldx, a, mid, olda, x, any.

6hul Vxe R:floor(x) <x A (Vye Z: y > x v floor(x) > y)

iuh | Vje N: j+1<length(a) = get(a, j) <gel(a, j+1)

cgs| Vke N: j, <length(a) A k <length(a) A k< j, = gel(a, k) < get(a, j,)

vit | 1+j,<length(a)

543 ko< 1+j,

M get(a, ko) < get(a, 1+j,) ‘

Parent: [4da] Children: [4kl]

Closing this proof state apparently depends on the proper instantiation of the uni-
versally quantified assumptions [6hu], [iuh], and [cgs]. We thus try to find a suit-
able automatic instantiation by pressing the “Auto” but,:-_:":ﬁ,,.l; indeed the result-

ing proof state is automatically closed by the decision procedure.

Proving the Verification Condition B3 We will now describe the proof of the
following verification condition:

B3: FORMULA
Invariant(a, X, low, high, r) AND r = -1 AND
low <= high AND get(a, floor((low+high)/2)) /= x AND
NOT get(a, floor((low+high)/2)) < x
=> Invariant(a, x, low, floor((low+high)/2)-1, r);

The pretty printed version of this condition is shown below:

B3=
Invariant(a, x, low, high, r) A r=—-1 A low <high

A
low+high
2

get(a, floor( N#x

A

low+high
)

— get(a, floor(—

=
. low+high
Invariant(a, x, low, floor(———=)—1, r)

The overall structure of the proof is as follows:
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[r1b]: instantiate low/2+high/2 in 6hu
[zrp]: expand Invariant
[rui]: scatter
[zhg]: auto
[r5c]: proved (CVCL)
[1hg]: proved (CVCL)
[2hg]: lemma L
[630]: instantiate j_0, floor(low/2+high/2) in z42
[25c]: proved (CVCL)
[35c]: auto
[g6q]: proved (CVCL)
[3hg]: proved (CVCL)
[4hg]: auto
[n21]: proved (CVCL)
[5hg]: proved (CVCL)
[1rp]: proved (CVCL)

The root state [r1b] of the proof consists of an assumption [6hu] representing the
axiomatization of thdloor constant and the goal [yhd] representing the content of

the verification conditior83:

Formula [B3] proof state [r1b] : instantiate low/2+high/2 in 6hu

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, a, mid, olda, x, any.

Axioms: Invariant(a, x, low, high, r) A r=—1 = high <low v 0 < floor( —+ ).

6hu| Vxe R:floor(x) < x A (Vye Z: y> x v floor(x) > y)

yhd|  Invariant(a, x, low, high, r) A r=-1

=
high < low v x = get(a, ﬂoor(%+ )

v
high

1
>+ ) <X

get(a, floor(

v
high
2

Invariant(a, x, low, —1+floor(—-~+¥), r)

Children: [zrp] [1rp]

Apparently,flooris only applied to the argumeﬂ%h + IOTW (three times). There-
fore we instantiate already in the very beginning of the proof the assumption which
represents the axiomatization #dor with this value by executing the command
instantiate high/2+low/2 in 6hu . This yields the proof state [zrp]:
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Formula [B3] proof state [zrp] : expand Invariant

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, a, mid, olda, x, any.

Axioms: Invariant(a, x, low, high, r) A r=—-1 = high<low v 0< ﬂoor(hi—gh+1°—W

2 27
6hu| Vxe R:floor(x) <x A (Vye Z: y > x v floor(x) > y)

5cu  2.floor(XE+19%) < high+low

A

low , high

. low , high
(VyeZ:y>5+—— v floor(5+—-

> t=)2Y)
yhd Invariant(a, x, low, high, ) A r=-1
=
high <low v x = get(a, ﬂoor(@#%w))
v
get(a, ﬂoor(?#"?‘”)) <x
v

. high
Invariani(a, x, low, —1+floor(==+%%), r)

Parent: [r1b] Children: [rui]

This state has the specialized assumption [5cu]; the general assumption [6hu] will
not play a role in the remainder of the proof any more. Now we exesxjgand
Invariant to expose the goal formula. The resulting proof state [rui] (not
depicted) looks quite daunting such that we immediately press the “Scatter” button
ﬁ which results in six child states of which three are automatically closed.

The first of the remaining three open proof states is labelled [zhg]:
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Formula [B3] proof state [zhg] : auto

Constants (with types): high, anyelem, r, get, length, put, content, Invariant, new,
anyarray, floor, Output, Input, low, oldx, @, mid, olda, x, any.

Axioms: Invariant(a, x, low, high, r) A r=—1 = high<low v 0< ﬂoor(hlgh 102“’

6hu | Vxe R:floor(x) < x A (Vye Z:y>x v floor(x) 2 y)

high high

unk | vye Z: y> 2+ 22 v floor(*$E+-2) > y

E, VjeN:j<low A j<length(a) = get(a, j)<x
iuh | Vje N: j+1 <length(a) = get(a, j) < getla, j+1)
ed2| olda=a

cmz| oldx=x

Ei Vje N:high < j A j<length(a) = get(a, j)>x
x2w| r=-1

x| low <high

3Kp | x # get(a, ﬂoor(@#“—w))

6he | x < get(a, ﬂoor(@#"—“’))

42g| 0 <low
3dc | high < length(a)

ﬂ 0< ﬂoor(%#%w)

Parent: [rui] Children: [r5¢c]

We guess that this proof state can be closed by a clever instantiation of the univer-
sally quantified assumptions. Perhaps this is even the case for the two open sibling
states, thus we press the but'!*:;- which indeed closes this state and another one
by automatic instantiation. The only remaining state is the one with label [2hg]:
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Formula [B3] proof state [2hg] : lemma L

Constants (with types): high, anyelem, r, get, length, put, Invariant, content, j,,
anyarray, new, Output, floor, Input, low, oldx, a, mid, olda, any, x.
Axioms: Invariant(a, x, low, high, r) A r=—-1 = high<low v 0< ﬂoor($+ “’T‘”).

6hu| Vxe R:floor(x) <x A (Vye Z:y > x v floor(x) > y)

3er | 2-floor(—5-+%¥) < high+low
ﬂ_ Vyel:y> “’Tw+hi7gh
yox | Vje N:j<low A j<length(a) = get(a, j) <x
iuh | VjeN: j+1 <length(a) = gel(a, j) < get(a, j+1)
ed2| olda=a

cmz| oldx = x

adp | VjeNihigh<j A j<length(a) = gea, j)>x
x2w| r=-1

b
v ﬂoor(lOTw+%h) >y

jix_ | low <high
3kp | x # get(a, floor(

6he | x < get(a, floor(
429 0<low

3dc | high <length(a)
noj | floor(“&+12%) < 1+,

6k5 | jy <length(a)

2ki| x < get(a, jo)

high
2
high
2

+l3m)

+19vy)

Parent: [rui] Children: [630]

Apparently this state requires deeper investigation. Its goal [zki] is to pteve
a[jo] for some indexjp. So what do we know aboutand jo? From assumption

[noj], we know LMJ < jo; sincea is sorted in ascending order, thus also

a[LM‘H < a[jo| should hold (*). Furthermore, from assumptions [3kp] and

Iow+high“
-2

[6he] we knowx < a[| ; thus by transitivity o<, the goal should hold.

But do we really know the formula marked (*) above? What we actually know is

the property [iuh] which says thatj] < a[j+ 1] for arbitrary pairs of neighbor in-

dicesj, j +1, while (*) talks abouhon-neighboﬁndices[M‘J andjo. This

is the place where we need the knowledge that preserving the order for neighbor
indices also implies preserving the order for non-neighboring indices, i.e. we need

the formulaL that was previously proved. We thus execute the comneanda

L described on page 100 that imports this formula as an assumption and yields the
proof state [630]:
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Formula [B3] proof state [630] : instantiate j_0, floor(low/2+high/2) in z42

Constants (with types): high, anyelem, r, get, length, put, Invariant, content, j,,
anyarray, new, Output, floor, Input, low, oldx, @, mid, olda, any, x.
Axioms: Invariant(a, x, low, high, r) A r=-1 = high<low v 0< ﬂoor(@-k“’—w).

6hu | Vxe R: floor(x) < x A (Vye Z: y>x v floor(x) > y)
3er | 2.floor(XE+19%) < high+low

unk | VyeZ:y> low hlgh v ﬂoor(low hlgh)> y

ygix VjeN:j <10w A j<length(a) = get(a, j)<x
E Vje N: j+1 <length(a) = get(a, j) < get(a, j+1)
ed? | olda=aqa

cmz| oldx =x

@ VjeN:high< j A j<length(a) = get(a, j)>x
x2w| r=-1

jtx_ | low <high

3kp | x = get(a, ﬂoor(@#"—w))

6he| x < get(a, ﬂoor(@#“—‘”))

42g| 0 <low

3dc | high <length(a)
noj | floor(“E+12%) < 1+ j,

6k5 | jy <length(a)
242 | VjeN, ke N: j<length(a) A k <length(a) A k< j = gel(a, k) < gel(a, j) |

2Ki| x < get(a, j,)

Parent: [2hg] Children: [25c] [35c¢]

This state contains an additional assumption [z42] which is the conclusion of the
implication contained in lemma; its hypothesis is identical to assumption [iuh]
and is therefore automatically discharged by the system. Pressing the “Auto”
button@ does not close the state thus we execute the commatahtiate

j -0, floor(low/2+high/2) in z42 in order to explicitly instantiate the

variablesj andk in the new assumption bjy and Llow+h|th respectively. This
leads to the following state [35c]:
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Formula [B3] proof state [35c] : auto

Constants (with types): high, anyelem, r, get, length, put, Invariant, content, j,,
anyarray, new, Output, floor, Input, low, oldx, a, mid, olda, any, x.

Axioms: Invariant(a, x, low, high, r) A r=—-1 = high<low v 0 sﬂoor(@

low
> t3)

6hu | Vxe R:floor(x) <x A (Vye Z:y>x v floor(x) 2 y)
unk| vyeZ:y> NTWJF# v ﬂoor(“%%@) >y

ygx | Vje N:j<low A j<length(a) = get(a, j)<x
E Vje N: j+1 <length(a) = get(a, j) < get(a, j+1)
ed2| olda=a

cmz| oldx =x

Ei Vje N:high< j A j<length(a) = get(a, j)>x
x2w| r=-1

jix_ | low <high

3kp | x # get(a, ﬂoor(%#"%’))

6he | x < gela, ﬂOOF(#JFlOTW))

429 | 0<low

3dc | high <length(a)

6k5 | jg <length(a)

z42| Vje N, ke N: j<length(a) A k <length(a) A k< j = gella, k) < gel(a, j)

ﬂ 0< ﬂoor(ngh+1°TW)

Parent: [630] Children: [g6q] ‘

We again pres:@ which generates a child state [g6q] which is automatically
closed; this completes the proof.

Summary Above proofs demonstrate two things: most notably, they show that
even for rather simple verifications “critical” proof states arise that require deeper
analysis and perhaps the use of additional knowledge that has to be “imported”
into the proof. Either this knowledge is already available in the form of pre-
viously declared formulas or the current proof has to be suspended to establish
the knowledge and then resume the proof (the comnaamsdme described on

page 94 allows to introduce such knowledge and prowliin the current proof).

If an imported formula is not (yet) verified by a proof, the current proof is marked
as “relative” with respect to unverified formulas.

The success of another important feature is demonstrated by the fact that we did
not notice it. In proof state [630] we instantiatednatural numbervariable |

by anintegervalue LMJ. This was legal because the system created an
additional proof state [25c] whose goal was to prove that this value is not negative;
the system automatically then automatically discharged this goal by applying its
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decision procedure. The theoretical basis for this is a system of subtypes (see
page 62) which treats natural numbers as a subdomain of integers and integers as
a subdomain of reals. This greatly simplifies proofs that have to deal with various
arithmetic domains compared to systems that have a less flexible type discipline.

Having studied the example specifications and proofs discussed in this and the
previous sections, the user now should have a feeling for the “flavor” of interaction
with the RISC ProofNavigator. The system is helpful in quickly decomposing a
proof into the “interesting” (i.e. difficult) proof states; it also takes from the user
the task of dealing with various kinds of low-level reasoning steps. On the other
hand, the system leaves the user with the task of finding the “crucial” steps in a
proof like finding non-trivial variable instantiations, imports of lemmas, etc. The
system is definitely and deliberately not an automatic theorem prover rather than
a proof assistant that attempts to be as helpful as possible but not clever beyond
its abilities. Chapter 4 discusses known deficiencies of the system and potential
for future improvements.
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Future Work

The RISC ProofNavigator has shown its usefulness in several small and not-so-
small system verifications (some of which are contained in the software distribu-
tion). However, there are several issues that require further work:

Decision ProceduresThe system is currently bound to the decision procedure
CVCL Version 2.0 and does neither work with more recent versions of
CVCL nor with other decision procedures. This is not a fundamental prob-
lem but a question of a mapping of the higher-order specification language
used by the RISC ProofNavigator to the first-order languages supported by
most provers and of corresponding software interfaces. A diploma thesis
has recently started corresponding investigations.

Specification LanguageThe specification language of the system is very simple
and does not support various features than can be found in other languages.
For instance, it lacks the definition of recursive algebraic datatypes with
structural induction as a proof principle and also a module system analogous
to that of PVS. The introduction of corresponding features will be triggered
by the integration of the system into a larger program reasoning framework.

Rewriting Proofs The system is weak when it comes to proofs that essentially
depend on applying universally quantified equalities (or equivalences or im-
plications) as rewrite rules. For instance, the software distribution contains
an example specificatioarrays.pn  with an axiomatic characterization
of arrays; based on this specification, the proof of the extensionality princi-
ple corresponding to the one presented in Section 3.2 becomes quite cum-
bersome. The system should be extended to allow to mark formulas of a
certain form as “rewrite rules” that are automatically applied in proof state
simplifications (such features can be e.g. found in PVS and Isabelle).
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Proof Checking The system stores the individual commands invoked in a proof
for later replay; it does not genergieoof objectghat describe the individ-
ual low-level reasoning steps performed by the commands and that can be
used for independent verification of a proof by an external proof checker.
Some decision procedures (e.g. CVCL) optionally generate such objects as
well as several interactive theorem provers (e.g. CoQ or Isabelle). It would
be worthwhile to investigate similar features for the RISC ProofNavigator.

While some of above issues will be most probably tackled in the future, we will
mainly concentrate on the development of an program exploration environment
that integrates the RISC ProofNavigator as a reasoning component. The demands
of this environment will drive the further elaboration of the software.
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Appendix A

Specification Language

In this appendix, we describe the language for construdpegifications The
main syntactic elements of specifications gfge expressionsalue expressions
anddeclaration expressiordenoting at the semantic levigbes values anddec-
larations. We will frequently not distinguish between expressions and their deno-
tations, and call both “types”, “values”, and “declarations”, respectively.

In the following, the variable$, T1, T2, ..., Tn denote types, the variablésE1,
E2 ..., Endenote values, the variabl& D1, D2, ..., Dn denote declarations,
and the variableg 11, 12, ..., In denote identifiers.

As for thelexical grammar(the rules for forming words) of the language, a speci-
fication consists of a sequence of tokens separated by white-space (which includes
indentations and line breaks that have thus no significance). If a line contains the
comment token %, the rest of the line (including the token) is ignored.

As for thesyntactical grammatthe rules for forming sentences) of the language,
a specification consists of a sequence of declarations each of which is terminated
by a semicolon:

D1;
D2;

Dn;
The lexical grammar and the syntactical grammar of the language are defined in

Appendix F.

As for the semantics of a specification, the following sections describe the lan-
guage’s types, values, and declarations in an informal style. The primary purpose
of these descriptions is easy readability, not ultimate preciseness; a formal defini-
tion of the language semantics remains subject of another paper.
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A.l Types

In this section, we describe the languagi’se expressiondenotingtypesi.e.
domains of values. The type systenhigher-orderi.e. it includes functions and
does not make a fundamental difference between functions and predicates (which
are just functions whose result is a truth value). Types are partially ordered by a
subtyperelationship such that if1is a subtype off 2, any value of typel' 1 may

occur where a value of typE2 is expected. The specification languagstiengly

typed the system ensures type discipline for every declaration by a combination
of static checking and dynamic proving (see Section A.3).

A.1.1 Atomic Types
Synopsis

BOOLEAN
NAT

INT

REAL

Description Apart from atomic types introduced by the user via type declara-
tions (see page 73), there are the following builtin atomic types:

BOOLEANThis type denotes the domain of truth values with literal constants
TRUEandFALSE

NAT This type denotes the domain of natural numbers with literal consfgnts
1, 2, ...and the addition functiot and the multiplication functiori on
natural numbers (see page 66).

INT This type denotes the domain of integer numbers whose values can be con-
structed fromNAT values by application of the negation functien(see
page 66).

REAL This type denotes the domain of real numbers of which some values can
be constructed frontNT values by application of the division functidn
(see page 66).

NATIs a subtype ofNT which is in turn a subtype dREAL Formulas are con-
structed from values of typBOOLEANsee page 74).
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Pragmatics The typeNATiIs essentially equivalent to the subtype (see page 63)

SUBTYPE(LAMBDA(X:INT): x >= 0)

A.1.2 Range Types
Synopsis

[ELl. E2]

Description This type takes two expressiofd andE2 denoting integer values
such that the value dt1 is less than or equal the value BP; the type denotes
the domain of all integers greater than or eqbaland less than or equal2

The type gives rise to a type checking conditien< Eo.
Pragmatics This type is essentially equivalent to the subtype (see page 63)

SUBTYPE(LAMBDA(X:INT): E1 <= x AND x <= E2)

A.1.3 Subtypes
Synopsis

SUBTYPEE)

Description This type takes a valug of type T— BOOLEANor some typeT,
l.e. a unary predicate oh. The type denotes the domain of all valuesTothat
satisfy this predicate.

The denoted predicate must not be false for all value§;ahus the type gives
rise to a type checking conditiatx € T : Ey.

Pragmatics The valueE is typically denoted by a function expression as de-
scribed on page 69.
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A.1.4 Function Types

Synopsis
TA > TR
(T1, T2, ..., Tn) > TR

Description The typeTA -> TRdenotes the domain of unary functions with
argument typelA and result typed'R; every such functiorf takes an argumeiat
from TA and returns a resuft(a) from TR.

The type(T1, T2, .., Tn) -> TR denotes the domain af-ary func-
tions with argument type%1, T2, ..., Tn and result typel'R; every such func-
tion f takesn argumentsy; from T1, a, from T2, ..., a, from Tn and returns a

resultf(ag,az,...,an) from TR.

Pragmatics Because of a deficiency of the underlying decision procedure, the
system does currently not understand that, if two functions are equal, also their
function values are equal, i.e. it does not implement the following derivation rule:

]

| T2 : type

] F |1:T1—>T2
] H lo:T1—To
]

]

]

To overcome this problem, one may instead use an array type (which implements
the corresponding rule for array access, see page 65) or explicitly introduce cor-
responding axioms (see page 74) on demand.

Thetype( T1, T2, ..., Tn) -> TRisdifferentfromthetypg¢ T1, T2,

Tn] -> TR While the former denotes a domainmfry functions, the

later denotes a domain of unary functions whose argument type is a tuple type
(see page 65); each such a functiotakes am-ary tuplet = (as,ap,...,a,) and
returns a resulf(t) = f((as,a,...,an)).

Function values can be constructed as described on page 69.
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A.1.5 Array Types
Synopsis

ARRAYT1 OF T2

Description This type denotes the domain of arrays with indices of typend
values of typer2 (see page 70 for the operations supported on arrays).

Pragmatics From the semantic point of view, this type is essentially equivalent

to a unary function type (see page 64). The major difference is that the system
understands that, if two arrays are equal, access to these arrays at equal indices
yields equal results (the system does not understand the corresponding rule for
function applications).

A.1.6 Tuple Types
Synopsis

[T, T2, .., Tn]

Description This type denotes the domain ofary tuples(as, ap, ..., a,) with
nvaluesa; from T1, ap from T2, ..., a, from Tn (see page 71 for the operations
supported on tuples).

The tuple typd T] is identified withT.

A.1.7 Record Types
Synopsis

# I11:7T1, 12:7T2, .., In:Tn #]

Description This type denotes the domain pfary records(# |1 := ay,lo :=
as,...,ln:=a, #) withnvaluesa; from T1,a, from T2, ..., a, from Tn assigned

to record field identifierss, Io, ..., I, (See page 71 for the operations supported
on records).
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A.2 Values

In this section, we describe the languageifue expressiondenotingvaluesi.e.,

our objects of discourse. Each value expression has a specific type such that any
value it may denote must be an element of the domain denoted by the type. Value
expressions of typ@OOLEANare sometimes callefbrmulas all other value
expressions are also calléerms However, since the specification language is
higher-order, there is no fundamental difference between formulas and terms.

A.2.1 Arithmetic Terms
Synopsis

Digits
E1+E2
El- E2
-E1
E1*E2
E1l/ E2
E1"E2

Descriptions These expressions represent number literals (composed of the dec-
imal digits 0...9) and the arithmetic operations addition, subtraction, negation,
division, and exponentiation. Apart from exponentiation, the types of the values
E1 and E2 may be arbitrary (potentially different) arithmetic typd$AT, INT,

REAL, range types, and subtypes of arithmetic types). In the case of exponentia-
tion, the type ofE1 may be an arbitrary arithmetic type but the typeEsf must

be an integral typeNAT, INT, a range type, or a subtype of an integral type).

For determining the result type of each operation, the usual subtype ordering is
considered, i.eNATand range types are subtypedNT , andINT is a subtype

of REAL The result type of each function is then the smallest result type that
can be deduced from the argument types and the the operation without actually
considering the argument values, e.g. adding W& values yields &NAT value

but adding aNAT value and arINT value yields aniINT value. Dividing two
values always yields REAL value. Exponentiation with an exponef® of (a
subtype of) typedNATyields a result with the type of the base vaki& otherwise

the type of the result IREAL

Pragmatics For convenience, also the terk is accepted as a synonym Bf
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A.2.2 Atomic Formulas

Synopsis
El = E2
El /= E2
El < E2
El <= E2
El > E2
El >= E2

Description These expressions represent the comparison operations equality,
inequality, less-than, less-than-or-equal, greater-than, and greater-than-or-equal.
The expressions are composed from two valEésndEZ2 In the case of equality

and inequality, the types of both values may be arbitrary but must be equal. In the
case of the other operations, the types of the values may be (potentially different)
numeric typesNAT, INT , REAL a range type, or a subtype of a numeric type).
The result type of the expressionBOOLEAN

A.2.3 Propositional Formulas

Synopsis

TRUE
FALSE
NOT E

E1 AND E2
El1 ORE2
El => E2
El <=> E2
E1 XORE2

Description These expression represent the logical constants “true” and “false”
and the logical operations negation, conjunction, disjunction, implication, equiv-
alence, and non-equivalence. They are composed from v&luge$ and E2 of

type BOOLEANINd yield a value of typBOOLEAN
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A.2.4 Quantified Formulas

Synopsis
FORALL(I1 :T1, 12:T2, .., In:Tn): E
EXISTS(I11:T1, 12:7T2, .., In:Tn): E

Description These expressions represent universal and existential quantifica-
tion, respectively. They are composed of identifiekrsof type T1, 12 of type

T2, ...,In of type Tn and a valueE of type BOOLEANin whichlI1 ,12 ,...,In

may freely occur) and have themselves t3i2OLEAN

Pragmatics If quantified expressions occur in the context of another expression,
they must be put into parentheses, as e.gEKRESTS formula in

FORALL(X:NAT): x > 0 => (EXISTS(y:NAT): y+1=x)

For multiple parameters with the same type, the parameter type needs to be de-
clared only once, thus it is for example legal to write

FORALL(X,y:NAT, z:INT): x+y >= 0*z

A.2.5 Conditional Expressions
Synopsis

IF E THEN E1 ELSE E2 ENDIF
IF E THENE1
ELSIF E' THENE1 .. ELSE E2 ENDIF

Description The expressiotfF E THEN E1 ELSE E2 ENDIF consists of
a valueE of type BOOLEAMNnd of two value€1 and E2 of same type which is
also the type of the conditional expression. The value of the expressiniisE
is TRUE andEZ2, otherwise.

The more general form
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IF E THENE1
ELSIF E' THENEY’
ELSIF E” THEN E1”

ELSE E2
ENDIF

is a syntactic short cut for

IF E THENE1
EISE IF E' THENEY
ELSE IF E” THEN E1”

ELSE E2
ENDIF ... ENDIF ENDIF

A.2.6 Let Expressions
Synopsis

LET 11:T1 = E1,... IN E
LET 11 = E1,.. IN E

Description This expression consists of a sequence of value definitions which
set up an environment in which an expressiors evaluated. The type and the
value of the let expression is that IBf

Each definition consists of an identifigihich is bound to the value of an expres-
sionE; of typeT; (the type is optional in the definition); the identifiglis visible

in the expressionk; . 1,Ej.»,... used in the subsequent definitions (but not in the
expressiork; definingl; itself).

Matching the types oE1to T1, ... may give rise to a type checking condition.
A.2.7 Function Values and Applications

Synopsis

LAMBDA(L : T1, 12:T2, .., In:Tn): E
E(EL, .., En)
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Description Thefunction valueexpression
LAMBDA(1 : T1, 12:T2, .., In:Tn): E

denotes the function that, given argumettsof type T1, 12 of type T2, ..., In
of type Tn, returns the value of expressi@n(in which I1, 12, ..., In may freely
occur). Correspondingly the type of the expression is the function (yide
T2, ..., Tn) -> T whereT is the type ofE (see page 64).

The function applicationexpressiorE( E1, ..., En) consists of an expres-
sion E denoting a value of typéT1, T2, ..., Tn) -> T for some types
T1, T2, ..., Tn, T and of expressionkl of type T1, E2 of type T2, ..., En of
type Tn. The value of the application is the result®fwhen applied to the values
of E1, E2 ..., En; the type of the application i8.

Pragmatics In a function value expression, for multiple parameters with the
same type, the parameter type needs to be declared only once, thus it is for exam-
ple legal to write

LAMBDA(X,y:NAT, z:REAL): x*y+z

A.2.8 Array Values, Updates, and Selections

Synopsis

ARRAY(:T): E
E WITH [E1]:= E2
E[ E1]

Description Thearray valueexpressio/ARRAY( : T): E denotes the array
where every index of type T is mapped to the element denoted by the expression
E (in which I may freely occur). Correspondingly the type of the expression is
the array typeARRAY T OF TE whereTE is the type ofE (see page 65).

Thearray updateexpressiorE WITH [El]:= EZ2is composed of a valuE of
type ARRAY T1 OF T2 for some types1 and T2, a valueE1 of type T1 and

a valueE2 of type T2. It denotes the array that is identical Boexcept that index
E1 is mapped to elemerE2 Correspondingly the type of the expression is also
ARRAYT1 OF T2.

Thearray selectiorexpressiorE[ E1] is composed of a valug of type ARRAY
T1 OF T2, for some typed1 andT2, and a valué1 of type T1. It denotes the
element ofE at indexE1; correspondingly its type i$2.
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A.2.9 Tuple Values, Updates, and Selections

Synopsis

(E1, E2, .., En)

E WITH [0]:= E1

E WITH [1]:= E2

E WITH [n-1]:= En

E.O

E.l

E. n-1
Description Thetuple valueexpression E1, E2, ..., En) denotes the
n-ary tuple composed of the valuéd, E2 ..., En. Correspondingly the type of
the expression is the tuple typd1, T2, ..., Tn) whereT1 is the type of

E1 T2 isthe type ofEZ ..., Tnis the type ofEn (see page 65). The tup(e)
is identified withE.

Then tuple updateexpression& WITH [0]:= E1,E WITH [1]:= E2, ...
E WITH [n-1]:= En each take a valu& of tuple type(T1, T2,..., Tn)
for some typesr'l, T2, ..., Tn and one of the valueB1 of type T1, E2 of type

T2, ..., Enof type Tn. They denote the tuple that is identical Foexcept that
component 0, 1, ...n— 1lis updated by valu&l, E2, ..., En Correspondingly

the type of each expression is alsbl, T2,..., Tn).
Then tuple selectiorexpression&.0 , E.1,...,E. n-1 each take a valug of
tuple type(T1, T2,..., Tn) for some types'1, T2, ..., Tn. The expressions

denote the first, second, . .n-th component of this tuple; their types are, T2,
..., I'n, correspondingly.
A.2.10 Record Values, Updates, and Selections
Synopsis
# 11:=E1, I12:=E2, .., In = En #)
E WITH [I1 ]:= E1
E WITH [I2 .= E2

E WITH [In J:= En
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E.l1l
E.12

E. In
Description Therecord valueexpression
# I11:=E1, 12:=E2, .., In:= En #)

denotes the-ary record composed of the values/t, E2, ..., En by assigning
these values to the record field identifiéts/2, ..., In. Correspondingly the type
of the expression is the record type 11 : T1, 12:7T2, .., In:Tn #)
whereT1 is the type ofEL T2 is the type ofE2 ..., Tn is the type ofEn (see
page 65).

Then record updateexpression&€ WITH [I1 ]:= E1, E WITH [I2 .= E2,
..., E WITH [In ]:= En each take a value expressi@nof record type(#
11:T71, 12:72, .., In: Tn #) for some identifierd1, 12, ..., In and
typesT1, T2, ..., Tn and one of the valueS1 of type T1, E2 of type T2, ..., En
of type Tn. They denote the record that is identicalEaexcept that record field
11, 12, ..., In is updated by valu&1, EZ, ..., En. Correspondingly the type of

each expressionisalgg 11 :T1, 12:T2, .., In:Tn #).
The n record selectiorexpression€. 11, E. 12, ..., E. In take a valueE of
record type(# 11 :T1, 12:7T2, .., In: Tn #) for some identifierd1,

12,...,Inand typesll, T2, ..., Tn. The expressions denote the first, second, ...,
n-th component of this record; their types &g T2, ..., Tn, correspondingly.

A.3 Declarations

In this section, we describe the languaggeslaration expressiongenotingdec-
larations each of which extends the environment by a mapping of an identifier
to a type, value, or formula. When type checking a declaratiagpa checking
conditionmay be generated which is forwarded to a decision procedure for auto-
matic proving. If the condition cannot be proved, a warning is issued, but the type
checking condition is nevertheless assumed true. Thus the user must establish by
a separate proof that the type checking condition is valid (any further proof might
be unsound, otherwise).
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A.3.1 Type Declarations
Synopsis

I TYPE
l: TYPE = T

Description This declaration introduces a type constanthe declaration form

| . TYPE associates td a non-empty atomic type which is different from any
other atomic type declared so far. The declaration fornrTYPE = T equateg
with T.

If the type expressiorf contains a range type (see page 63) or subtype (see
page 63), the type declaration gives rise to a type checking condition which states
that the declared type is not empty.

A.3.2 Value Declarations
Synopsis

I T
l: T =E

Description This declaration introduces a value constant denoted by the identi-
fier I; the type of the constant iE. The command forrh: T does not define the
value ofl. The command formh: T = E defines the value df by the valueE
whose type must match

As well determining the type o as matching the type d& to T may give rise
to a type checking condition.

A value declaration may also appear in proving mode (see page 94).

Pragmatics The declaration may also introduce function or predicate constants
which are just value constants with function type (see page 64). Matching the
value typeUl -> U2 to the declaration typ&l -> T2 only succeeds if both

T1 equalsUl andT2 equalsU2. This is stricter than theoretically necessary (it
would suffice to check thafl is a subtype otJ1 andU2 is a subtype 0ofT2)
because the decision procedure applied by the system may not accept a looser
type discipline.
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A.3.3 Formula Declarations
Synopsis

| : FORMULAE
I AXIOM E

Description This declaration introduces a formula constantith value E of
type BOOLEANthe formula denoted bl is consequently assumed to be true.

If the declaration is tagged with the keywdfi®@RMULAthe formula needs proof;
it can be also used as an additional assumption in the proof of another formula by
use of thdemma command described on page 100.

If the declaration is tagged with the keywoAXIOM the formula does not need
proof; it is automatically imported as an additional assumption into the proof of
every subsequent formula.

Type checkinge may give rise to a type checking condition.
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System Commands

In this appendix, we describe all commands that the user can apply to control
the system. Some commands are only applicable in declaration mode (when the
system is processing declarations as described in Appendix A), others are only ap-
plicable in proving mode (when the system is constructing the proof of a formula
under the guidance of the user); some commands are applicable in both modes.

Every command has a textual representation that can be typed in on the command
linel. If the system is executed with its GUI and is running in proving mode, all
applicable commands can be also selected from a menu that pops up when press-
ing the buttor| 7, . Additionally various commands can be applied by pressing a
button in the prover’s GUI or by selecting an item in the menu associated to every
formula in a proof state (which specializes the command for the application to this
formula). A few commands can be selected from the GUI's window menu “File”.

Derivation Rules and Sequents The effect of some commands of the proof
states is explained by derivation rules that sketch the logical foundation of these
commands. For a command that generates from the current state witl &bel
various child stategS1] ,[ S2], ... which is displayed in the proof tree as

[S] ¢
[S1]
[S2]

1The only exception is the “Abort” butto@ described on page 86 whose effect cannot be
achieved by any textual command.
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the corresponding rule has the form

[E]Aq,... - By,...
[E] Ag,... - By,...
[E[A... F B,...

where asequentE] A,... - B,... represents a proof state with declaration envi-
ronmentE, assumptiong\, ... and goalsB,.... The sequent below the line repre-
sents the proof state labelg®] , the sequents above the line represent the child
stateg[ S1], [ S2], ...generated by the application of the command. Conse-
guently, the rule can be read “from bottom to top” as

In order to proveE] A,... - B,..., we have to provgE| Aq,...
B1,...,and[E] Ap,... - Bp,...,and....

Furthermore, a sequent of the special fdiEh - e: T means “in environment
E, expressiore has typeT”; a sequenfE] - | : T =V means “in environment
E, constant has typel and value/” The environmentE,a: T] is derived from

environmentE] by adding the declaration of a constandf type T (shadowing

any previous declaration of a constant with the same name).

Type Checking Conditions If the prover command contains a value expression
(see page 66), it may give rise to a type checking condition. The prover handles
this condition by generating a child state (in addition to the child states generated
anyway by the command) with the type checking condition as a single goal (which
may be automatically discharged by a decision procedure as in declaration mode,
see page 72, or by an user-controlled proof).

Proof Status Every proof of a formula has a couple of status attributes which
are displayed in the menu of the formula. These attributes are:

Trust Status: “trusted” or “untrusted” When a proof is read from file, it is
given status “trusted”, if none of the declarations and proofs on which the
proof depends has changed since the time that the proof was generated. Re-
playing the proof thus cannot trigger an error. Otherwise the proof is given
status “untrusted”; replaying the proof may trigger errors. Replaying an
untrusted proof promotes its status to “trusted” (after having removed from
the proof those commands that yielded errors in the replay).



1

Completion Status: “closed” or “open” A proof is closed, if every leaf of the
proof tree denotes a proof situation that is automatically closed by the prover
(via the application of an internal or external decision procedure). Other-
wise the proofis “open”: there are still proof states that require investigation
by the user.

Dependence Status: “absolute” or “relative” A complete proof is “absolute”,
if it does not depend on assumptions introduced by application of command
lemma (see page 100) or only on assumptions which have themselves ab-
solute proofs. Otherwise the proof is “relative”: its correctness depends on
formulas that still need proof.

Proof Replay When a previously stored proof is replayed but the formula to
be proved has changed since the generation of the proof, the proof is marked as
“untrusted” and a warning is issued that errors may occur in the replay. There are
two kinds of errors possible:

e A proof command triggers an error, i.e. the command applicable in a state
of the original proof is not applicable any more in the corresponding state
of the new proof. In this case, the system gives the user the possibility to
provide a substitution command which is executed instead of the original
command (continuing the replay of the proof subtrees on the child states).
If the user abandons the offer, the corresponding proof state remains open
(i.e. the proof subtrees corresponding to the child states are lost).

e A proof command generates in the new proof not the same number of child
states than in the original proof. In this case, the system asks the user to map
the new child states to the old child states such that the proof trees recorded
for the child states are not completely lost.

In the first kind of error, the possibility to substitute a proof command is mainly
useful if the command has failed because it refers to the label of a formula that
has changed since the proof was created. In this case, the user may investigate the
proof state, find the corresponding formula, and then execute the command again
with a reference to the new label; the remainder of the proof is thus preserved.

As an example for the second kind of error, let us assume that the command
scatter  described on page 87 has in the original proof of a formulaeen
applied to a goaa A b generating two child states, one with g@ahnd one with
goalb. If afterwards the declaration dfhas been changed such that in the corre-
sponding state of the new proof the goal has farnb A ¢, the proof replay gives

the following dialog:
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Formula f already has a (skeleton) proof
(proof status: untrusted)
Replay skeleton proof (y/n)? y
Warning: proof is untrusted, errors may occur.
Warning: problem in state [gda].
In the old proof, command "scatter" generated
2 states:
0: expand a
1: expand b
In the new proof, the command generates 3 states
with the following goals:
0: a
1:b
2:c
You can now map ranges [a..b] of new states to
equally sized ranges [c..] of old states.
Enter start state a (0..2, -1 to abort): O
Enter end state b (0..1, -1 to abort): 1
Enter start state ¢ (0..0, -1 to abort): O
Enter start state a (0..2, -1 to abort): -1
You have constructed the following mapping:
New states [0..1] are mapped to old states [0..1].
Do you want to use this mapping (y/n)? y
Proof state [wtn] is closed by decision procedure.
Proof state [nxu] is closed by decision procedure.
Proof replay successful.

If no mapping is provided by the user (answet in the dialog), the proof trees
generated for the child states in the old proof are lost.

B.1 Declaration Commands

This section lists those commands that are related to constant declarations and that
are mainly applicable in the “declaration mode” of the system.

B.1.1 read : Read Declaration File
Synopsis

read " path "
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Alternative Applications

e Window Menu “File”, Item “Read File” :read " path "

Applicable In declaration mode.

Description This commands reads the commands in the text file denotpéy
(which may be an elementary file name or a compound file path) and processes
them as if they were typed in interactively. The file may include only commands
that are legal in declaration mode and it may include another applicatioeadf

which read other files. If by such nested applicationseafl an attempt is made

to recursively read a file, an error is reported.

Pragmatics A file that starts with an application of the commaralvcontext
described on page 79 can be used as a simple substitute for a “module” facility
(which the system lacks otherwise).

B.1.2 newcontext : Start New Declaration Context
Synopsis

newcontext
newcontext " path "

Applicable In declaration mode.

Description The command creates a new and empty declaration environment
erasing from the system memory all previous constant declarations. The com-
mand associates this environment to a directory in the file system (creating the
directory, if it does not yet exist) for persistently storing representations of the
constants declared in the new environment and of proofs of formulas performed.
If newcommandis invoked without argument, this directory is nanfeaof-
Navigator and is located in the current working directory of the system (unless
the system has been started with the optioontext |, see Appendix D). If the
command is invoked with an argumemdth’, the directory with the name and
location denoted bypathis (if necessary created and) used rather than the default
directory.
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B.1.3 tcc : Print Type Checking Condition
Synopsis

tcc
Applicable In declaration mode.

Description For type checking a constant declaration, it may be necessary to
check a condition which cannot be derived by static type checking but requires
actual proving. When in proving mode, such a type checking condition gives rise
to an additional proof state with the type checking condition as the goal. When
in declaration mode, the system attempts to resolve a type checking condition
silently by the application of an automated decision procedure; only if a condition
cannot be automatically proved (which may or may not indicate an error), it is
displayed to the user. By application of the commard , the last generated
type checking condition (even if successfully proved) is displayed.

Pragmatics It is questionable whether the information provided by this com-
mand is really of interest to the general user. The command was mainly intro-
duced for debugging purposes and will perhaps go away in a future version of the
system.

B.1.4 type ,value ,formula : Print Constant Declaration
Synopsis
type T

value V
formula F

Alternative Applications

e Menu of Type ConstantT:type T
e Menu of Value ConstantV: value V

e Menu of Formula Constant F: formula F
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Applicable In declaration mode and in proving mode.

Description These commands print the declaration of a type conStamalue
constan¥/, or formula constarf visible in the current environment.

B.1.5 environment : Print Environment
Synopsis

environment
Applicable In declaration mode and in proving mode.

Description This command prints the names and kinds of all constants (types,
values, formulas) declared in the current environment.

B.2 Control Commands

The commands listed in this section do not alter the proof; they rather enable the
user to enter or leave a proof, to navigate within a proof, and to get additional
information on proof states.

B.2.1 prove : Enter Proving Mode
Synopsis

prove F

Alternative Invocations

e Menu of Formula Constant F: prove F

Applicable In declaration mode.
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Description The command takes the narkeof a formula. If the formula al-
ready has an associated proof, the user is asked whether to enter this proof or to
start a new proof. The system consequently switches to proving mode setting the
current proof state to the first open state in the proof.

Pragmatics Before leaving the proving mode by the commapit described
on page 82, the user may decide whether to retain the proof originally associated
to the formula or to overwrite it with the the newly constructed proof.

B.2.2 quit : Leave Current Mode
Synopsis

quit

Alternative Invocations

o Button & : quit
e Window Menu “File”, Item “Quit”:  quit

e Window Button “Close”™: quit
Applicable In declaration mode and in proving mode.

Description If in declaration mode, the command lets the system terminate. If
in proving mode, the command asks the user whether to retain any original proof
or to overwrite it with the newly constructed proof and then switches from proving
mode back to declaration mode.

Pragmatics A proof is only saved to file when the commaguit is executed
(in proving mode).

The item “Quit” in window menu “File” and the window button “close” terminate
the system, even when in proving mode, after confirmation by the user.



B.2 Control Commands 83

B.2.3 prev , next : Cycle Through Open Proof States
Synopsis

prev
next

Alternative Invocations

e Button <3 : prev

e Button [E» : next
Applicable In proving mode.

Description All open proof states are internally organized in a list in an order as
they are encountered by a depth-first left-to-right traversal of the proof tree. The
commandnext switches the current state to its successor in the list (to the first
state in the list, if the current state is the last one); the comrpaena switches

the current state to its predecessor in the list (to the last state in the list, if the
current state is the first one). Thus repeated applicatiomsextf respectively
prev cycle through all open proof states.

Pragmatics To quickly switch to an open state distant from the current one,
use the commandoto described on page 84 respectively double-click on the
corresponding item in the visual representation of the proof tree.

B.2.4 undo, redo : Undo/Redo Proof Commands
Synopsis
undo

undo S
redo
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Alternative Invocations

e Button : undo

e Button g : redo
Applicable In proving mode.

Description The commandindo cancels the effect of the proof command that
was executed in the parent of the current state; it re-opens the parent state (dis-
carding all its child states) and makes it the new current state.

If the optional state lab& is provided, it must denote some ancestor of the current
state, i.e., some state on the path from the parent of the current state to the root
of the proof tree. Then the command cancels the effects of all proof commands
along this path such that the ancestor is re-opened and becomes the new current
state. Thus the effect of this form of the command is the same as ififakt is
executed multiple times until the ancestor is reached.

If a state is re-opened by applyinmdo, it internally still retains its discarded
child states unless another application of a proof command generates new child
states. Until this is the case, an applicatiomexdo is able to restore the subtree
rooted in the current proof state to its shape before the applicationdd that
re-opened the current state (however, the new current state afteéo aneed not

be the the same as the current state beforatig® but may be just a sibling of

it). A repeated application akedo along a path of proof states in whicimdo

was applied thus restores the situation before these applications.

Pragmatics A user may want to discard an unsuccessful proof branch by mul-
tiple applications otundo but accidentally performs ongndo too much, such

that the parent state of the unsuccessful branch is re-opened and also all other (po-
tentially successful) sibling branches are discarded. Then the user only needs to
applyredo once to restore the accidentally discarded branches. If the user also
wishes to re-store the unsuccessful branch, she just has to go to the root state of
that branch and continue there with the applicatioreaio .

B.2.5 goto : Go to Another Open Proof State
Synopsis

goto S
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Alternative Invocations

e Double Click on Proof Tree Item [S]: goto S
Applicable In proving mode.

Description This command switches the current state to the open proof state
denoted by labe$. If Sis not the label of an open state in the current proof, the
command has no effect.

Pragmatics A single click on proof tree iten® only displays the denoted proof
state but does not change the current state (see the consta®d on page 86).

B.2.6 counterexample : Generate Counterexample
Synopsis

counterexample

Alternative Invocations

e Button (i) : counterexample
Applicable In proving mode.

Description A decision procedure may generate for the current proof state
[E] A1,A2,...,An F B1,Bo,....By

acounterexamplg.e. an interpretation for the constants declared in the environ-
mentE which it believes to satisfy the formula

ANANPON ... NAZA—BLA-BaA ... A—Bnp

The counterexample is given as a conjunction of equatoast respectively
c(...) =t for non-Boolean constants/functioesand of atomic propositiong
respectivelyp(...) for Boolean constants/functions (i.e. predicates)
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Pragmatics The presented counterexample is often verbose and not very help-
ful. This counterexample is actually only a part of the counterexample generated
by the decision procedure where (seemingly) uninteresting conditions have been
removed. The generation of the counterexample may take some time; this process
may be interrupted by pressing the abort bu@

B.2.7 Abort Prover Activity

Synopsis
e Button )

Applicable In proving mode, during prover activity.

Description Pressing the abort button interrupts several (not all) prover activ-
ities, in particular the application of a decision procedure attempting to close a
state or producing a counterexample.

Pragmatics Not in all situations in which the button is enabled, pressing the
button has an effect. There is no textual command that has the same effect as the
abort button.

B.2.8 state : Display Another Proof State
Synopsis

state S
Applicable In proving mode.

Alternative Invocations

¢ Single Click on Proof Tree Item [S]: state S

Description This command displays the proof state denoted by I8bdil Sis
not the label of a state in the current proof, the command has no effect.
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Pragmatics A double click on proof tree iter® also switches the current state
to the denoted state (see the commgatb on page 84).

B.2.9 open: List Open Proof States
Synopsis

open
Applicable In proving mode.

Description This command prints the list of open proof states in the order as
they are encountered in a depth-first left-to-right search of the proof tree.

B.3 Primary Commands

This section lists the commands typically applied in the initial phase of decompos-
ing a proof into simple proof statesdatter , decompose, split , possibly
induction ) and in the final phases of closing proof sta@st¢star , auto ).
In the middle proof phases, typically the commands in the next section are applied.

B.3.1 scatter : Scatter Proof State
Synopsis

scatter

Alternative Invocations

e Button ﬂ © scatter

Applicable In proving mode.
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Description This command generates one or more child states by applying the
commandslecompose described on page 88 asdlit  described on page 89.
The application ofcatter is recursively repeated for each child state until no
more state is generated. If the initial applicationsle€ompose andsplit do

not generate new states, theratter  does not generate a child state.

Pragmatics For the recursive application split  being effectivescatter

should be applied to a state with a single goal. The command then replaces the
current state by a (potentially large) number of child states each of which has a
number of (hopefully simple) assumptions and a single (hopefully simple) goal.
Some of these states may have been already closed by a decision procedure; some
others may be subsequently closed by the application @futestar command
described on page 92.

It is advisable to applgecompose manually beforescatter  in order to get
insight into the current proof state before attempting to scatter it.

The effect of this command may be simulated by repeated applications of the
commandslecompose described on page 88 asdlit  described on page 89.

B.3.2 decompose : Decompose Formulas
Synopsis

decompose
Applicable In proving mode.

Alternative Invocations

e Button = : decompose

Description The command generates a single child state by repeatedly applying
the commandlatten  described on page 102, the commakdlemize de-
scribed on page 88, and a simplification procedure, until the resulting proof state
does not change any more. If the resulting state equals the current state, no child
state is generated.
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Pragmatics The command generates at mosechild state. This state can be
considered as a simplified version of the current state and thus may be inspected to
get further insight, e.g. to determine why a proof does not work or to find another
proving strategy. An application of the command can be considered as safe in the
sense that it does (should?) never complicate the proof.

This command is used by the commasuhtter described on page 87 (which
may generatenultiplechild states).

The effect of this command may be simulated by repeated applications of the com-
manddlatten  described on page 102 askblemize described on page 103.

B.3.3 split : Split Proof State
Synopsis

split
split F

Alternative Invocations
e Button 4, : split
e Formula Menu [ F]: split F

Applicable In proving mode.

Description This command generates two or more child states by splitting some
selected formula according to some of the rules listed below (there is at most one
rule applicable). The formaplit  may only applied in a proof state with a single
goal which is thus implicitly selected for splitting. The fosplit ~ F explicitly
selects the formula (assumption or goal) with laBébr splitting. The rules are
applied recursively to the generated child states by splitting the formulas resulting
from the previous split until no more splitting is possible. If no rule is applicable
for splitting the selected formula, no child state is generated.

The applied rules are:

[E] ...,As,... F ...
E] ....Ap... F ...
E] .. An. b

[E] o AMVAV VAL L



90 Chapter B. System Commands

E] ... F ... A,
E] ... F ... ,A,
E] ... ..., An,...
[E] oo ALARAA LA A,
[E] ...,~Ad,... F
[E] ...,As... F
[E] .. ,A1=>A2, +
[E] R ,AlﬁAz,
[E] o B A= Ag,
[E] R AL & A,
E] ... ..., AL= Ay, ...
E] ... ..., Ao=—Aq,...
[E] ... F ...,ApxorAy,...

Pragmatics By the recursive application of the rules, e.g. a single application
of split  to the assumption of the proof state

[E]AV(B=CVD) F ...

generates four child states:

>
-

B ...

ool
T T

— — — —

E]
E]
E]
E]
The command is used by the commawatter described on page 87.

B.3.4 induction : Perform Mathematical Induction
Synopsis

induction
induction I
induction I in F

Alternative Invocations

e Formula Menu [ F]: induction ... in F
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Applicable In proving mode.

Description The command applies the principle of mathematical induction to
a universally quantified goal with a natural number variable, i.e., a variable with
typeNAT (but see below for the potential application of the command to an integer
variable). If the proof state has a single goal with a single universally quantified
natural number variable, the command forduction  selects this goal and

its variable for performing the induction. If the proof state has a single goal with
multiple universally quantified variables, the command famguction | se-
lects the variable with namie If the proof state has multiple goals, the command
form induction | in F selects the goal with labé& and the variablé in

this goal. Ifl does not denote a natural number variablé& atoes not denote a
universally quantified goal with such a variable, the command has no effect.

Otherwise, the command creates two child states which are identical to the current
state with the following exceptions:

1. The first child state (theduction basginstantiates the variable in the goal
by the numbeD.

2. The second child state (tiveduction stephas as an additional assumption
the original goal with the variable instantiated by a conséamit occurring
in the environment of the current proof state and instantiates the variable in
the goal by the term+ 1.

If the quantified goal only has a single variable, the quantifier is dropped from the
instantiated versions. The command thus implements the following rule:

[E] ... F ...,V...:G[0/X],...
[E,a:N]...,V...:Gla/X F ...,V...:Gla+1/x],...
—-JdT:[E] - a:T

[E] ... F ... VXEN,...:G,...

The command may also be applied to an integer variable, i.e., a variable with
type INT . In this case, a third goal is created which ensures the validity of the
application of the induction principle by proving that the original goal can be
proved by only considering non-negative integer values for the variable according
to the following rule:

[E] .. V...:G[0/X],...

[E,a: N] v i Gla/x F ..V i Gla+1/X], ...
[E] .. VXEZ X>0=GF WXeZ,...:G
~3T [E] CaT

[E] ... F ...,¥X€Z,...:G,...
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Pragmatics For better readability, the name of the induction constaist de-
rived from the name of the bound variabléy appending some natural number
subscript Xo, X1, . . .) respectively by replacing an already existing subscript.

B.3.5 autostar : Apply auto also to Sibling States
Synopsis

autostar

Alternative Invocations

e Button %-, : autostar
Applicable In proving mode.

Description This command applies the commaadto described on page 93

to the current state and to all of its (not yet closed) subsequent siblings, i.e., to all
(not yet closed) states that have the same parent as the current state and appear in
the sequence of the parent’s children after the current state. Some of these states
may be closed; all others remain unchanged.

The proof does not record the applicatioreoftostar  but the successful appli-
cations ofauto ; when the proof is replayed, only these applications are replayed.

Pragmatics This command is especially useful after an application of the com-
mandscatter  described on page 87 which potentially generates a large number
of child states with simple goals.

During the execution chutostar |, the proof states already processedahyo

are displayed and those that are successfully closed are recorded. If during the ex-
ecution ofautostar  the abort butto@ is pressed, only the current invocation

of auto is aborted while the execution elutostar  itself continues with the

next state in sequence. Thastostar can be used to interactively probe for
states that can be closed ayto without fear to get stuck in some long-running
invocation or to lose successful invocations by aborting.
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B.3.6 auto : Close State by Automatic Formula Instantiation
Synopsis

auto
auto F1, F2, ..

Alternative Invocations

e Button £2 : auto

e Formula Menu [F]:auto F
Applicable In proving mode.

Description This command generates a single child state by automatically in-
stantiating selected quantified formulas by suitable instantiation terms according
to the rules listed below. The instantiations terms are taken from those ground
terms (terms without free variables) that appear in some formula (goal or assump-
tion) of the state and whose type matches the type of the bound variable to be
instantiated. The type of the instantiation expressioreds not equal the type of

the bound variable; if necessary, a side condif)e) is added to the instantiated
formula to make the instantiation legal.

If the command is applied auito , all formulas (assumptions and goals) may be
instantiated; if the application suto F1, F2, ... , only the formulas with
labelsF1,F2,... may be instantiated.

The generated child state is only added to the current state, if it can be immediately
closed by a decision procedure; otherwise it is discarded and the current state
remains without child.

The applied rules are:
[E] ...,.¥XxeT:A...,pe)=Ae/x + ...

]
[E,p(e) e:T
[E] ..., VXeT:A... F ...

—

| ... F o 3xeT:A...,p(e) NAle/X]
,pe)-e:T
... F ...3xeT:A ..

E
E
E
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Pragmatics For performance reasons, only a limited number of instantiations is
performed; thugauto may miss instantiation terms that are able to close the state,
even if they appear in the proof state. In this case, one may try to use the form
auto F1, F2, ... to limit the instantiations to the “interesting” quantified
formulas of the current state.

Since no proof search is implemented, the automatic instantiation of formulas is
only useful if it allows a decision procedure to close the state; therefore the com-
mand discards the generated state, if it cannot be immediately closed. Use the
commandnstantiate described on page 98 to manually generate instantia-
tions for further use in child states.

B.4 Secondary Commands

This section lists those commands that are typically applied in the middle phase
of constructing a proof; they require creativity from the user to determine the right
proof strategy and to guide the system towards a successful proof completion.

B.4.1 | : T=E: Declare Value
Synopsis

1:T

| : T=E

Description A value declaration may not only be issued in declaration mode
but also in proving mode. It extends the current proof state by a single child state
whose environment contains the declaration implementing the rule

[E,l:T=E]A...+ B,...
[E[A... F B,...

An additional proof state may be generated for a type checking condition corre-
sponding to the valud and the matching of its type tb.

B.4.2 assume: Use and Prove Assumption
Synopsis

assume A
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Applicable In proving mode.

Description This command takes a formuka and extends the current proof
states by two child states. Both states are duplicates of the current state except
that in the first staté\ is added as an assumption while in the second #tate
becomes the only goal and the negation(s) of the original goal(s) are added as
assumptions. In other words, the command implements the rule

E] ..1,AF .. 5
[E] ..1,~..2F A
El .. 1F . 2

An additional proof state may be generated for a type checking condition corre-
sponding to the valud.

Pragmatics The two new proof states are logically equivalent to the proof states
resulting from the corresponding application of the commeask described on
page 95. However, the applicationagsume puts in the second stateinto the

goal position rather rather than the original goal(s).

B.4.3 case : Perform Case Distinction
Synopsis

case A
case Al, A2, ..., An

Applicable In proving mode.

Description The commanaase A takes a formulaA and extends the current
proof states by two child states. Both states are duplicates of the current state
except that in the first stat®is added as an assumption while in the second state
—Ais added as an assumption. In other words, the command implements the rule

[E] ..., AF ...
[E]...,-A+ ...
E] ... F ..
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An additional proof state may be generated for a type checking condition corre-
sponding to the valud.

The more general formase Al, A2, ..., An implements the rule

E]....ALF ...
[E]...,~ALA F ...

[E] ...,~Ay,~Ag,..., A ...
E] ... F ...

Additional proof states may be generated for the type checking conditions corre-
sponding to the valued1, A2, ....

Pragmatics The two proof states resulting from the applicatiorcase A are
logically equivalent to the proof states resulting from the corresponding applica-
tion of the commanassume described on page 94. However, the application of
case leaves in the second state the goal unchanged.

The net effect of the execution case Al, A2, ... is the same as that of

a sequence of commandase Al, case A2, ..., executed (each command,
apart from the first one, executed in the second state resulting from the application
of the previous command).

B.4.4 expand : Expand Definitions
Synopsis

expand 11, 12, ..
expand 11, 12, ... in F1, F2, ..

Alternative Invocations

e Formula Menu [F]: expand ... in F

Applicable In proving mode.
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Description The command takes a list of identifidds 12, ... denoting names

of constants (functions, predicates) whose values have been explicitly defined in
their declarations. It generates a single child state by expanding all occurrences
of these constants in the current proof state to their values. If the expansion yields
new occurrences of value constants whose names occur among these identifiers,
these occurrences are also expanded, such that the resulting state is free of value
constants with these names. The command may be also provided with a list of
labelsF1,F2,... of formulas of the current proof state; in this case, only the oc-
currences of the constants in these formulas are expanded. If some identifier does
not denote the name of a value constant with an explicit definition or some label
does not denote a formula in the current state, no child state is generated.

B.4.5 flip : Flip Formula
Synopsis

fip F

Alternative Invocations

e FormulaMenu [F]:flip F
Applicable In proving mode.

Description The command takes the lalfelof a formula (assumption or goal)

in the current proof state. It generates a single child state where the formula has
been removed and the negated version of the formula, if an assumption, is added
as a goal respectively, if a goal, is added as an assumption. The command thus
implements the rules

E]...,... F ...,-A
E] ... A... F
[E] ...,-AF ...,...
[E] ... F .. A

If F is not the label of a formula in the current state, no child state is generated.
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Pragmatics By application of this command, one may generate a proof state
without assumption (corresponding to a single assumptie ) or a proof state
without goal (corresponding to a single gdalse ); the later case corresponds
to the proving technique “proof by contradiction”.

B.4.6 goal : Make Formula Goal
Synopsis

goal F

Alternative Invocations

e Assumption Menu [F]: goal F
Applicable In proving mode.

Description The command takes the labélof an assumption in the current
proof state. It generates a single child state where the formula has been removed
from the assumptions and the negated version of the formula becomes the single
goal; the negated versions of the original goals become additional assumptions.
The command thus implements the rule

[E] ..1yi2, 3 b —A
E] .1, A..2F .3

Pragmatics Some commands, especially the commasclstter  described

on page 87 andplit  desribed on page 89, treat the goal of a proof states spe-
cially in that they attempt to split goal formulas (but not assumptions). By ap-
plication of the commandoal , one may make the right formula the target of
splitting in a subsequent applicationsdfatter  or split

B.4.7 instantiate . Instantiate Variables in Formula
Synopsis

instantiate V1, V2, ... in F
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Alternative Invocations

e Formula Menu [ F]: instantiate ... in F
Applicable In proving mode.

Description This command takes the labelof a formula of the current state
such that this formula is either a universally quantified assumption or an existen-
tially quantified goal withn bound variables. It also takesinstantiation values
V1,Va, ..., V,h such that eachy is either the reserved identifier” or a term with

a type that matches the typeof the corresponding variable. The command then
creates a child state that is identical to the current state except that an instantiated
version of the universal assumption is added as an additional assumption respec-
tively an instantiated version of the existential goal is added as an additional goal
(see the rules depicted below). In the instantiated version of the formula, for every
termV; different from’_’, every free occurrence of the corresponding variable in
the body of the quantified formula is replacedWy(potentially renaming some
variables bound within the body) and the variable is removed from the list of
bound variables. If no valu¥; is’_’, all variables are replaced and the quantifier

is dropped from the instantiation result. The type of t&fmmeeds not equal;;

if necessary, a side conditigr{V;) is generated and an additional proof state with
goalp(V,) is created.

If F does not denote a universal assumption or existential goal of the current
proof state, if the number of instantiation valoés V2, . .., V, does not equal the
number of bound variables of the formula, if soMecannot be type-checked or
has a type that does not match the type of the corresponding variable, or if all
instantiation terms are ’, no child state is generated.

The following rules describe the case of the instantiation of a quantified formula
with two variables whose first is instantiated (corresponding to an application of
the commandnstantiate Vi _in .. ):

E] .,VX1€T1,X2€T2:G,...,VX2€T2:G[V1/X1] Fo...
E] VX ETLX €T G, F p(Vl)
E.pV)] FVi:Th

]

E|l ...,V X1 €Ty, eTr:G,... F ...

[E] ... F ...,3x1 €T, X €T G,...,Ix € To: G[V1/Xq]
E] ... F D(Vl)

[E,P(Vl)] FViiTy

[E] LR LI ETLXeT: G, ...
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An additional proof state may be generated for a type checking condition corre-
sponding to the valuegl, V2, ....

B.4.8 lemma: Import Lemmas
Synopsis

lemma L1, L2, ..
Applicable In proving mode.

Description This command adds the formulas with labkels, L2, ... as
assumptions to the current proof state. These formulas must be defined in dec-
laration mode before the formula that is currently proved. This implements the
following rule:

[E] F Li:formula=F;
[E] + Lz :formula=F;,
[E] ....,F, R —...

[E] ... F ...

By the application of this command, the status of the current proof also depends
on the proof status of these formulas; in particular, the current proof is only con-
sidered complete, if also these formulas have complete proofs.

B.4.9 typeaxiom : Instantiate Type Axiom
Synopsis

typeaxiom V1, V2, ... in \%

Applicable In proving mode.
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Description For every constant declaratien T in the environment of the cur-

rent proof state, the system implicitly adds an invisible “type axigm?{c) to

the state which may be used as additional knowledge by a decision procedure un-
aware about the properties of type(e.g., an assumptiox > 0 for a constant

x: N). This may not be sufficient in case of a functibnS— T where for some
application f (a) a type axiompr (f(a)) should be added to the prove state (e.g.,

an assumptiorf (a) > 0 for a functionf : S— N and constan& : S). Likewise,

this may not be sufficient for an array. ARRAY S OF Twhere for somearray
access|i| a type axiompr(a[i]) should be added.

The commandypeaxiom takes a valud/ which denotes a function with
parameters (respectively an array); it also takesgument term¥/,Va, ..., Vj

whose types match the parameter types (respectively one argumekt tetrose

type matches the index type of the array). The command generates a child state
which is identical to the current state but has the “type axiom” for the application

of the function to the terms added as an explicit assumption. The types of the
argument terms need not equal the types of the parameter terms; if necessary, a
second child state with a side conditiptVi, V>, ...,V,) as a goal is generated. If

no type axiom can be derived from the function/array or the types of the argument
terms do not match the types of the parameters, no child state is generated.

An additional proof state may be generated for a type checking condition corre-
sponding to the valuegl, V2, ..., and the matching of their types to the types of
the instantiation parameters.

Pragmatics The command makes knowledge implicit in the domains of func-
tion types explicit as assumptions in those (rather rare) cases where a proof state
can be only closed by a decision procedure with the help of this knowledge. It is
useful for functions whose domain involves subtypes of some base type, e.g. for
functions whose domains involve the domain of natural numbleos involve a

type generated by the construc®UBTYPE

B.5 Basic Commands

This section lists those commands that are rarely applied directly by the user; their
main purpose is to serve as “building blocks” for more powerful prover commands
(in particular the commandscatter  described on page 87 amigcompose
described on page 88).
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B.5.1 flatten : Flatten Propositional Formulas
Synopsis

flatten
Applicable In proving mode.

Description The command generates a single child state by flattening every
suitable propositional formula (assumption or goal) of the current proof state ac-
cording to the rules listed below. For every formula of the current state, the com-
mand looks for an applicable rule (there can be at most one) and, if such a rule
exists, applies it to the state; i.e. a rule is applied at nooste for every for-

mula (for arepeatedapplication of the rules, see the commatetompose on

page 88). If no rule is applicable at all, no child state is generated.

The applied rules are:

[E] ...,nedA),... - ...
E

E] ...,=A ... F L
[E] ... - ...,nedA),...
[E] ... F ...,-A ...
[E] ...,AB,... - ...
[E] ...,AAB,... F ...
[E]... - ...,AB,...
[E] ... F ...,AVB,...
[E]...,AF ...,B,...

] .
E]...F ..., A=B,...

[E] ... ...,(A=B)A(B=A),...
[E] ... F ... ,A=B,...
E]...,(A=B)A(B=A),... F ...
[E] ..., A=B,... F ..
[E] ... F ...,(A=-B)A(B=—A),...
[E] ... - ...,AXxorB,...
[E] ...,(A=-B)A(B=-A),... b
[E]
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An applicationnegA) yields a formula which is logically equivalent # but
where negation only occurs at the level of atomic formulas. The openatys
recursively defined on the syntactic structure of its argument as follows:

neqg—A) .=
neg AAB) :=negA)VnegB)
negAV B) :=negA) AnegB)
negA=-B) := AAnegB)

negA < B) := AxorB
negAxorB):=A<B

neglet ... in A):= let... innegA)
negvxeT:A):=3xeT:negA)
negaxe T :A):=VxeT:negA)
nega=>b):=a#b
nega#b):=a=»b

negA) := —A, for every otheA

A

Pragmatics The effect of this command is subsumed by the effect of the com-
manddecompose described on page 88. The only reason to afilgen
directly is to observe step-by-step holwcompose produces its result.

B.5.2 skolemize : Skolemize Quantified Formulas
Synopsis

skolemize
Applicable In proving mode.

Description The command generates a single child state by skolemizing every
suitable quantified formula (assumption or goal) of the current proof state accord-
ing to the rules listed below. For every formula of the current state, the command
looks for an applicable rule (there can be at most one) and, if such a rule exists,
applies it to the state; i.e. a rule is applied at mastefor every formula (for a
repeatedapplication of the rules, see the commaletompose on page 88). If

no rule is applicable at all, no child state is generated.

The applied rules are:
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[E,a:T]... b ...,Ala/x,...
-3dT:[E] - a: T
[E] ... F ...,¥XeT:A ...

[E,a:T]...,Ala/x],... - ...
—~3T:[E] Fa:T
[E] ...,3xeT:A ... F ...

In both rules, a nevekolem constana is generated that does not occur in the
current proof state and which in the child state replaces the vandideind by
the quantifier in the current state.

Pragmatics For better readability, the name of the skolem constastderived
from the name of the bound variableby appending some natural number sub-
script (Xo, X1, . . .) respectively by replacing an already existing subscript.

The effect of this command is actually subsumed by the effect of the command
decompose described on page 88. The only reason to afiplyen  directly
is to observe step-by-step halgcompose produces its result.



Appendix C

System Installation

The installation of the system is thoroughly described in the RE®\DMEand
INSTALL of the distribution; we include these files verbatim below.

C.1 README

README
Information on the RISC ProofNavigator.

Author: Wolfgang Schreiner <Wolfgang.Schreiner@risc.uni-linz.ac.at>
Copyright (C) 2005-, Research Institute for Symbolic Computation (RISC)
Johannes Kepler University, Linz, Austria, http://www.risc.uni-linz.ac.at

This program is free software; you can redistribute it and/or modify

it under the terms of the GNU General Public License as published by
the Free Software Foundation; either version 2 of the License, or

(at your option) any later version.

This program is distributed in the hope that it will be useful,

but WITHOUT ANY WARRANTY; without even the implied warranty of
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
GNU General Public License for more details.

You should have received a copy of the GNU General Public License
along with this program; if not, write to the Free Software
Foundation, Inc., 51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA

RISC ProofNavigator

http://www.risc.uni-linz.ac.at/research/formal/software/ProofNavigator

This is the RISC ProofNavigator, an interactive proof assistant for supporting
formal reasoning about computer programs and computing systems. This software
is freely available under the terms of the GNU General Public License, see

file COPYING.
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The RISC ProofNavigator runs on computers with x86-compatible processors
running under the GNU/Linux operating system. For installation instructions,
see file INSTALL. For learning how to use the software, see the file
"main.pdf' in directory "manual”; several proof examples can be found in
directory “"examples".

Please send bug reports to the author of this software:

Wolfgang Schreiner <Wolfgang.Schreiner@risc.uni-linz.ac.at>
http://www.risc.uni-linz.ac.at/people/schreine

Research Institute for Symbolic Computation (RISC)
Johannes Kepler University

A-4040 Linz, Austria

Third Party Software

The ProofNavigator uses the following open source programs and libraries. Most
of this is already included in the ProofNavigator distribution, but if you

want or need, you can download the source code from the denoted locations
(local copies are available on the ProofNavigator web site) and compile it on
your own. Many thanks to the respective developers for making this great
software freely available!

CVC Lite 2.0
http://www.cs.nyu.edu/acsys/cvcl

This is a C++ library/program for validity checking in various theories.

The ProofNavigator currently only works with CVCL 2.0, not any of the later
CVCL versions available from the CVCL web site. To download the CVCL 2.0
source, go to the RISC ProofNavigator web site (URL see above), Section "Third
Party Software", and click on the link "CVCL 2.0 local copy".

RIACA OpenMath Library 2.0
http://www.riaca.win.tue.nl/products/openmath/lib

This is a library for converting mathematical objects to/from
the OpenMath representation.

Go to the link "OMLib 2.0" and then "Downloads".
Download one of the "om-lib-src-2.0-rc2.*" files.

General Purpose Hash Function Algorithms Library
http://www.partow.net/programming/hashfunctions

A library of hash functions implemented in various languages.

Go to the link "General Hash Function Source Code (Java)" to download
the corresponding zip file.

ANTLR 2.7.6b2
http://www.antlr.org

This is a framework for constructing parsers and lexical analyzers.

On a Debian 3.1 GNU/Linux distribution, just install the package "antlr"
by executing (as superuser) the command

apt-get install antlr

The Eclipse Standard Widget Toolkit 3.2
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http://www.eclipse.org/swt

This is a widget set for developing GUIs in Java.

Go to section "Stable" and download the version "Linux (x86/GTK2)" (if you use
a 32bit x86 processor) or "Linux (x86_64/GTK 2)" (if you use a 64bit x86
processor).

The Mozilla Browser 1.7.8 GTK2
http://www.mozilla.org

See the question "What do | need to run the SWT browser in a standalone
application on Linux GTK or Linux Motif?" in the FAQ at
http://www.eclipse.org/swt/fag.php.

On a Debian 3.1 GNUJ/Linux distribution, just install the package
"mozilla-browser" by executing (as superuser) the command

apt-get install mozilla-browser
On another GNU/Linux distribution, go on the Mozilla web site to the page
"Products/Mozilla/Other Systems and Languages" and download the browser

labeled "Linux (x86) for GTK and Xft".

The GIMP Toolkit GTK+ 2.X (or higher)
http://www.gtk.org

This library is required by "Eclipse Linux (x86/GTK2)" and by
"Mozilla 1.7.8 GTK2".

On a Debian 3.1 GNUJ/Linux distribution, the package is automatically
installed, if you install the "mozilla-browser" package (see above).

On another GNU/Linux distribution, go to the GTK web package, section
"Download", to download GTK+.

Java Development Kit 5.0
http://java.sun.com/j2se/1.5.0

Go to the "Downloads" section to download the Sun JDK 5.0. The ProofNavigator
does currently not use any of the Java 5 language features and can therefore
be also compiled with JDK 1.4.2 (but this may change in the future).

Tango Icon Library 0.6.1

http://tango-project.org/

Go to the "Base Icon Library" section, subsection "Download”, to download
the icons used in the ProofNavigator.

End of README.
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C.2 INSTALL

INSTALL
Installation notes for the RISC ProofNavigator.

Author: Wolfgang Schreiner <Wolfgang.Schreiner@risc.uni-linz.ac.at>
Copyright (C) 2005-, Research Institute for Symbolic Computation (RISC)
Johannes Kepler University, Linz, Austria, http://www.risc.uni-linz.ac.at

This program is free software; you can redistribute it and/or modify

it under the terms of the GNU General Public License as published by
the Free Software Foundation; either version 2 of the License, or

(at your option) any later version.

This program is distributed in the hope that it will be useful,

but WITHOUT ANY WARRANTY; without even the implied warranty of
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
GNU General Public License for more details.

You should have received a copy of the GNU General Public License
along with this program; if not, write to the Free Software
Foundation, Inc., 51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA

Installation

The RISC ProofNavigator is available for computers with x86-compatible
processors (32 bit as well as 64 bit) running under the GNU/Linux operating
system. The core of the RISC ProofNavigator is written in Java but it depends
on various third-party open source libraries and programs that are
acknowledged in the README file.

To use the RISC ProofNavigator, you have three options:

A) You can just use the distribution, or

B) you can compile the source code contained in the distribution, or

C) you can download the source from a Subversion repository and compile it.

The procedures for the three options are described below.

A Note for Microsoft Windows Users

The RISC ProofNavigator does currently not run under Microsoft Windows
for the following reason:

While the RISC ProofNavigator is written in portable Java and all the software
on which it depends is available for many kinds of computers and operating
systems, there is one catch: the RISC ProofNavigator makes use of the SWT
browser plugin and assumes that the Web browser loaded by this plugin
understands XHTML+MathML. This is (currently) not true for the Windows version
of SWT which loads the Microsoft Internet Explorer. To make the RISC
ProofNavigator run under Microsoft Windows, one has to write an HTML interface
compliant with the Internet Explorer (or wait until the Internet Explorer
understands proper XHTML+MathML).

A) Using the Distribution

We provide a distribution for computers with ix86-compatible processors

running under the GNU/Linux operating system (the software has been developed
on the Debian 3.1 "sarge" distribution, but any other distribution will work
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as well). If you have such a computer, you need to make sure that you also
have

1) A Java 5 runtime environment.

You can download the Sun JRE 5.0 from
http://java.sun.com/j2se/1.5.0/download.jsp

2) The Mozilla Browser Version 1.7.X GTK2.

On a Debian 3.1 GNU/Linux system, just install the package
"mozilla-browser" by executing (as superuser) the command

apt-get install mozilla-browser
On other Linux distributions, first look up the FAQ on
http://lwww.eclipse.org/swt/faq.php
for the question "What do | need to run the SWT browser in a standalone
application on Linux GTK or Linux Motif?" The ProofNavigator uses the
SWT browser, thus you have to install the software described in the FAQ.

3) The GIMP Toolkit GTK+ 2.6.X or higher.

On a Debian 3.1 GNU/Linux system, GTK+ is automatically installed,
if you install the Mozilla browser as described in the previous paragraph.

On other Linux distributions, download GTK+ from http://www.gtk.org

For installing the ProofNavigator, first create a directory INSTALLDIR (where
INSTALLDIR can by any directory path). Download from the website the file

ProofNavigator-VERSION.tgz

(where VERSION is the number of the latest version of the ProofNavigator) into
INSTALLDIR, go to INSTALLDIR and unpack by executing the following command:

tar zxf ProofNavigator-VERSION.tgz

This will create the following files

README ... the readme file
INSTALL ... the installation notes (this file)
CHANGES ... the change history
COPYING ... the GNU Public License
bin/
ProofNavigator ... the main script to start the program
cvcl ... CVC Lite, a validity checker used by the software.
doc/
index.html ... APl documentation
examples/
README ... short explanation of examples
*.pn ... some example specifications and proofs
lib/
*jar ... Java archives with the program classes
swt32/ ... SWT for GNU/Linux computers with 32 bit processors
swt.jar
*.S0
swt64/ .... SWT for GNU/Linux computers with 64 bit processors
swt.jar

*.S0
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manual/
main.pdf ... the PDF file for the manual
index.html ... the root of the HTML version of the manual
src/
fmrisc/ ... the root directory of the Java package "fmrisc"
ProofNavigator/
Main.java ... the main class for the ProofNavigator

Open in a text editor the script "ProofNavigator" in directory "bin" and
customize the variables defined for several locations of your environment. In
particular, the distribution is configured to run on a 32-bit processor. If
you use a 64-bit processor, uncomment the line "SWTDIR=$LIBDIR/swt64" (and
remove the line "SWTDIR=$LIBDIR/swt32").
Put the "bin" directory into your PATH

export PATH=$PATH:INSTALLDIR/bin
You should now be able to execute

ProofNavigator

If you happen to get a message that ends with

ERROR: You may try "ProofNavigator --nogui”.
your Mozilla installation could not be detected. In this case, please check
the value of the variable MOZILLA_FIVE_HOME in the "ProofNavigator" script. In
any case, you should be able to start

ProofNavigator --nogui

to get a text-only interface.

B) Compiling the Source Code

To compile the Java source, first make sure that you have the Java 5
development environment installed. You can download the Sun JDK 5.0 from

http://java.sun.com/j2se/1.5.0/download.jsp

Furthermore, on a GNU/Linux system you need also the Mozilla browser 1.7.X
GTK2 and the GIMP toolkit GTK+ 2.X installed (see Section A).

Now download the distribution and unpack it as described in Section A above.

The ProofNavigator distribution contains an executable of the validity

checker CVC Lite for GNU/Linux computers with x86-compatible processors. To
compile the validity checker for other systems, you need to download the
CVC Lite source code (see the README file) and compile it with a C++
compiler. See the CVC Lite documentation for more details.

To compile the Java source code, go to the "src" directory and execute from
there

javac -cp "..../lib/antlr.jar:../lib/om-lib.jar:../lib/swt.jar"
fmrisc/ProofNavigator/Main.java

(ignore the warning about "unchecked" or "unsafe" operations, this refers to
Java files generated automatically from ANTLR grammars).
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Then execute

jar cf ..Jlib/fmrisc.jar fmrisc/*/*.class fmrisc/*/*/*.class
Finally, you have to customize the "ProofNavigator" script in directory "bin"
as described in Section A. You should then be able to start the program by

executing the script.

C) Downloading the Source Code from the Subversion Repository

You can now download the source code of any version of the ProofNavigator
directly from the ProofNavigator Subversion repository.

To prepare the download, first create a directory SOURCEDIR (where SOURCEDIR
can be any directory path).

To download the source code, you need a Subversion client, see

http://subversion.tigris.org/project_links.html for a list of available

clients. On a computer with the Debian 3.1 distribution of GNU/Linux, it

suffices to install the "svn" package by executing (as superuser) the command
apt-get install svn

which will provide the "svn" command line client.

Every ProofNavigator distribution has a version number VERSION (e.g. "0.1"),
the corresponding Subversion URL is

svn://svn.risc.uni-linz.ac.at/schreine/FM-RISC/tags/VERSION
If you have the "svn" command-line client installed, execute the command

svn export
svn://svn.risc.uni-linz.ac.at/schreine/FM-RISC/tags/VERSION SOURCEDIR

to download the source code into SOURCEDIR. With other Subversion clients, you
have to check the corresponding documentation on how to download a directory
tree using the URL svn://... shown above.

After the download, SOURCEDIR will contain the files of the distribution as
shown in Section A; you can compile the source code as explained in Section B.

End of INSTALL.
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System Invocation

Invoking the system by the the commaRdbofNavigator -h gives output
which lists the available startup options:

RISC ProofNavigator Version 1.0 (July 17, 2006)
http://www.risc.uni-linz.ac.at/research/formal/software/...

(C) 2005-, Research Institute for Symbolic Computation (RISC)
This is free software distributed under the terms of the GNU GPL.
Execute "ProofNavigator -help" to see the options available.

Usage: ProofNavigator [OPTION]... [FILE]
FILE: name of file to be read on startup.
OPTION: one of the following options:
-n, --nogui: use command line interface
-c, --context NAME: use subdirectory NAME to store context.
--cvcl PATH: PATH refers to executable "cvcl".
-s, --silent: omit startup message.
-h, --help: print this message.

The command optionally receives the name (in general path) of a declaration file
which is read and processed as described for the comneand on page 78. The
command also accepts various startup options:

-n, —nogui Start the system without graphical user interface relying on the textual
command line interface only.

Currently, this option is mainly useful in case of problems with the installa-
tion of the software, if the necessary GUI library cannot be found (see Ap-
pendix C). In the future, the option may become useful for non-interactive
applications of the system.
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-c, —contextNAME When the system starts up, it creates in the current working
directory a subdirectorfProofNavigator for storing the session con-
text (see also Appendix E and the commaredvcontext described on
page 79. With this option, the subdirectory is given a different name and/or
different location as specified by the parameé¥#&E (which must denote
a directory path).

—cvcl PATH The system currently uses CVCL (CVC Lite) [2, 1] Version 2.0
as an external decision procedure and assumes that the CVCL executable
cvcl can be found in the curre®ATH With the option--cvcl  an al-
ternative location and/or name of the executable can be specified by the
parametePATH (which must denote a file path).

This option is only used within th&roofNavigator script for cus-
tomization of the installation (see Appendix C); passing it to the script has
no effect.

-s, —silent With this option, the startup message is suppressed.

-h, —help With this option, the description shown above is printed and the system
is terminated.
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Context Directory

The system generates the following files in the context directory:

cvcl.log A log file describing the interaction between the system and the
CVCL instance used for automatically verifying the type checking condi-
tions generated in declaration mode. This file can be erased after a session
without consequence.

cvclO.log A log file describing the interaction between the system and the
CVCL instances used to simplify formulas in a proof state respectively close
a proof state. This file can be erased after a session without consequence
(and perhaps should be erased, since it can become very large).

*xhtml A collection of files presenting the declarations and proof states in
XHTML+MathML format. The files use the following DOCTYPE declara-
tion specified by W3C (see Section “A.2.3 MathML as a DTD Module” of

[6]):

<IDOCTYPE html PUBLIC
"-//W3C//IDTD XHTML 1.1 plus MathML 2.0//EN"
"http://lwww.w3.0rg/TR/MathML2/dtd/xhtml-math11-f.dtd">

The files are primarily intended for internal use by the graphical user in-
terface of the system. However, after a session they can be also copied to
another location for the persistent presentation of declarations and proofs.
The files can be viewed by any Web browser that understands above docu-
ment type, e.g. the browsers of the Mozilla suite (as well the former Mozilla
browser as the current Firefox and SeaMonkey browsers). Most notably,
the MicroSoft Internet Explorer Version 6 doest understand these decla-
rations and thus cannot be used for viewing the files.

The entry files to the presentations are:
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decl-list.xhtml The list of declarations issued in declaration mode.
F.xhtml  The proof of formulaF.

kind _name *.* For every declaration of a constammeof a particularkind
(type value formula), four files are generated that are mainly used to main-
tain declaration and proof dependencies across different sessions of the sys-
tem and thus allow to assess the status of a proof generated in a previous
session with respect to the declarations of the current session.

kind _name.decl.xgz  This is an XML file compressed with the com-
pression tooyzip ; its plain XML content can be printed with the tool
zcat .

The file contains an OMDoc [10] representation of the declaration with
mathematical objects represented according to the OpenMath (OM)
standard [5] using as far as possible symbols from standard OM con-
tent dictionaries; if for some concept of the specification language no
appropriate standard symbol exists, an ad-hoc symbol with the content
dictionary prefiximrisc  is used instead.

These files are actually not (yet) used by the system; in a future version
they may provide a bridge to third-party tools understanding OMDoc.

kind _name_hash.txt  This is a text file that contains a single decimal
number representing a hash code for the declaration. If the hash code
of the declaration in the current session coincides with the value stored
in this file in a previous session, it is assumed that this declaration has
not changed since then.

kind _name_time.txt This is a text file that contains a single decimal
number representing the time stamp when the corresponding constant
declaration has been generated respectively the definition of the con-
stant has most recently changed.

kind _name_refs.xml This is an XML file that lists all entities refer-
enced by the corresponding constant together with the values of their
time stamps. If the definition of a referenced entity changes in a sub-
sequent session, the value in its time stamp file is updated and does
not coincide any more with the value listed in this file. This discrep-
ancy is consequently detected and reflected in the status of a proof (see
page 76) depending on this constant.

proof _name*.* For every proof of formulaame two files are generated that
allow to assess the status of a proof in a later session (with respect to the
declarations of that session) and to replay the proof.
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proof _name.decl.xgz  Thisis an XML file compressed with the com-
pressed with the compression tadip ; its plain XML content can
be printed with the toatcat .

The file describes the tree structure of the proof including the proof
commands issued at every node of the tree in an ad-hoc XML format.
Specification language entities used in these commands are described
according to to the OpenMath (OM) standard [5] using as far as possi-
ble symbols from standard OM content dictionaries; if for some con-
cept of the specification language no appropriate standard symbol ex-
ists, an ad-hoc symbol with the content dictionary préfixisc is

used instead.

proof _name.refs.xgz  This is an XML file that lists all entities refer-
enced by the proof together with the values of their time stamps (as
already discussed above).

For illustration of the content of tife_.decl.xgz files, let us consider the exam-
ple of Section 3.1 with declarations

sum: NAT->NAT,;

S1: AXIOM sum(0)=0;

S2: AXIOM FORALL(n:NAT): n>0 => sum(n)=n+sum(n-1);
S: FORMULA FORALL(N:NAT): sum(n) = (n+1)*n/2;

and proof

[tca]: induction n byu
[dbj]: proved (CVCL)
[ebj]: auto

[k5f]: proved (CVCL)

The contents of the correspondingly generated declaration and proof files are (af-
ter uncompression) as follows:

value _sum.decl.xgz

<?xml version="1.0" encoding="UTF-8"?>
<omdoc:omgroup
xmIns:omdoc="http://www.mathweb.org/omdoc"
xmins:fmrisc="http://www.risc.uni-linz.ac.at/FM-RISC"
xmins:om="http://www.openmath.org/OpenMath">
<omdoc:symbol kind="object" name="sum">
<omdoc:type system="simply typed" xml:id="sum_type">
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<om:OMA>
<om:OMS cd="sts" name="mapsto"/>
<om:OMA>
<om:OMS cd="setl" name="cartesian_product"/>
<om:OMS cd="setnamel" name="N"/>
</om:OMA>
<om:OMS cd="setnamel" name="N"/>
</om:OMA>
</omdoc:type>
</omdoc:symbol>
</omdoc:omgroup>

formula _S1_decl.xgz

<?xml version="1.0" encoding="UTF-8"?>
<omdoc:omgroup
xmins:omdoc="http://www.mathweb.org/omdoc"
xmlins:fmrisc="http://www.risc.uni-linz.ac.at/FM-RISC"
xmIns:om="http://www.openmath.org/OpenMath">
<omdoc:assertion type="axiom" xml:id="S1">
<om:FMP>
<om:OMA>
<om:OMS cd="relation1" name="eq"/>
<om:OMA>
<om:OMV name="sum"/>
<om:OMI>0</om:OMI>
</om:OMA>
<om:OMI>0</om:OMI>
</om:OMA>
</om:FMP>
</omdoc:assertion>
</omdoc:omgroup>

formula _S2_decl.xgz

<?xml version="1.0" encoding="UTF-8"?>
<omdoc:omgroup
xmins:omdoc="http://www.mathweb.org/omdoc"
xmlins:fmrisc="http://www.risc.uni-linz.ac.at/FM-RISC"
xmlns:om="http://www.openmath.org/OpenMath">
<omdoc:assertion type="axiom" xml:id="S2">
<om:FMP>
<om:OMBIND>
<om:OMS cd="quantl" name="forall"/>
<om:OMBVAR>
<om:OMATTR>
<om:OMATP>
<om:OMS cd="sts" name="type"/>
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<om:OMS cd="setnamel"” name="N"/>
</om:OMATP>
<om:OMV name="n"/>
</om:OMATTR>
</om:OMBVAR>
<om:OMA>
<om:OMS cd="logicl" name="implies"/>
<om:OMA>
<om:OMS cd="relation1" name="gt"/>
<om:OMV name="n"/>
<om:OMI>0</om:OMI>
</om:OMA>
<om:OMA>
<om:OMS cd="relation1" name="eq"/>
<om:OMA>
<om:OMV name="sum"/>
<om:OMV name="n"/>
</om:OMA>
<om:OMA>
<om:OMS cd="arith1" name="plus"/>
<om:OMV name="n"/>
<om:OMA>
<om:OMV name="sum"/>
<om:OMA>
<om:OMS cd="arithl" name="minus"/>
<om:OMV name="n"/>
<om:OMI>1</om:OMI>
</om:OMA>
</om:OMA>
</om:OMA>
</om:OMA>
</om:OMA>
</om:OMBIND>
</om:FMP>
</omdoc:assertion>
</omdoc:omgroup>

formula _S_decl.xgz

<?xml version="1.0" encoding="UTF-8"?>
<omdoc:omgroup
xmins:omdoc="http://www.mathweb.org/omdoc"
xmins:fmrisc="http://www.risc.uni-linz.ac.at/FM-RISC"
xmlIns:om="http://www.openmath.org/OpenMath">
<omdoc:assertion type="formula" xml:id="S">
<om:FMP>
<om:OMBIND>
<om:OMS cd="quantl" name="forall"/>
<om:OMBVAR>
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<om:OMATTR>
<om:OMATP>
<om:OMS cd="sts" name="type"/>
<om:OMS cd="sethamel" name="N"/>
</om:OMATP>
<om:OMV name="n"/>
</om:OMATTR>
</om:OMBVAR>
<om:OMA>
<om:OMS cd="relation1" name="eq"/>
<om:OMA>
<om:OMV name="sum"/>
<om:OMV name="n"/>
</om:OMA>
<om:OMA>
<om:OMS cd="arith1" name="divide"/>
<om:OMA>
<om:OMS cd="arith2" name="times"/>
<om:OMA>
<om:OMS cd="arithl" name="plus"/>
<om:OMV name="n"/>
<om:OMI>1</om:OMI>
</om:OMA>
<om:OMV name="n"/>
</om:OMA>
<om:OMI>2</om:OMI>
</om:OMA>
</om:OMA>
</om:OMBIND>
</om:FMP>
</omdoc:assertion>
</omdoc:omgroup>

proof _S decl.xgz

<?xml version="1.0" encoding="UTF-8"?>
<fmrisc:proof
xmlins:fmrisc="http://www.risc.uni-linz.ac.at/FM-RISC"
xmIns:om="http://www.openmath.org/OpenMath"
closed="true" name="S">
<fmrisc:state>
<fmrisc:command name="induction">
<om:OMV name="n"/>
<fmrisc:label>byu</fmrisc:label>
</fmrisc:command>
<fmrisc:state>
<fmrisc:command name="proved">CVCL</fmrisc.command>
</fmrisc:state>
<fmrisc:state>
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<fmrisc:command name="auto"/>
<fmrisc:state>
<fmrisc:command name="proved">CVCL</fmrisc:command>
</fmrisc:state>
</fmrisc:state>
</fmrisc:state>
</fmrisc:proof>
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Grammar

In this appendix, we give the lexical and the syntactical grammar of the specifi-

cation language and the prover commands. The syntax is given in the notation
of the ANTLR parser generator [13] used for the implementation of the system.

Non-determinism in the syntax is resolved by extra means provided by ANTLR

(like semantic predicates) which are not shown in this presentation.

F.1 Lexical Grammar

/I identifiers, labels, numbers, strings

IDENT: REALLETTER (LETTER | DIGIT)* ;
LABEL: (LETTER | DIGIT) (LETTER | DIGIT)* ;
NUMBER: DIGIT (DIGIT)* ;

REALLETTER: (a..'z’ | 'A’..Z" ),

LETTER: (a..'z’ | 'A.Z | ');

DIGIT: (0'..9%);

STRING : ™ (" | \n* | '\ | \F | "\uffff))*

UNDERSCORE: ’_7

/I language tokens
LPAR: "(*;

RPAR: ")
LBRACK: "[*;
RBRACK: "1
LPARGRID: "(#";
RPARGRID: "#)";
LBRACKGRID: "[#";
RBRACKGRID: "#]";
PERIOD: ".";
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COLON: ™"
SEMICOLON: ";*;
COMMA: "™,
ASSIGNMENT: ":=",
EQUALITY: "="
NONEQUALITY: "/=",
LESS: "<,
LESSEQ: "<="
GREATER: ">
GREATEREQ: ">="
PLUS: "+

MINUS: "-";
TIMES: "™,
DIVIDES: "',
POWER: "™,
IMPLIES: "=>",
EQUIV: "<=>";
ARROW: "->"
DOTDOT: ".";

/I whitespace (filtered by lexer)

WS: (' | '\ | EOL | COMMENT)+ ;

EOL: (C\n’ | '\r | \F) ;

COMMENT : "%’ (CC\n* | \r' | \f | "\uffff))*
(EOL | ‘\uffff) ;

F.2 Syntactical Grammar

/I parsing of a declaration or prover command
main:
declaration SEMICOLON
| "tcc" SEMICOLON
| "prove" IDENT SEMICOLON
| "flip" LABEL SEMICOLON
| "goal" LABEL SEMICOLON
| "skolemize" SEMICOLON
| "flatten” SEMICOLON
| "split" ( LABEL )? SEMICOLON
| "decompose” SEMICOLON
| "scatter" SEMICOLON
| "auto" ( LABEL ( ", LABEL )* )? SEMICOLON
| "autostar" SEMICOLON
| "counterexample” SEMICOLON
| "assume" valueExp SEMICOLON
| "case" valueExp ( "," valueExp )* SEMICOLON
| "lemma" IDENT ( "," IDENT )* SEMICOLON
|

"instantiate" valueExp ( "," valueExp )*
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“in" LABEL SEMICOLON
"typeaxiom" valueExp ( ", valueExp )*

"in" IDENT SEMICOLON
"expand" IDENT ( "," IDENT )*

( "in" LABEL ( "," LABEL )* )? SEMICOLON
“induction" ( IDENT ( "in" LABEL )? )? SEMICOLON
"open” SEMICOLON
"next” SEMICOLON
"prev" SEMICOLON
"goto" LABEL SEMICOLON
"undo" ( LABEL )? SEMICOLON
“redo" ( LABEL )? SEMICOLON
"environment" SEMICOLON
"proof" ( IDENT )? SEMICOLON
"state" ( LABEL ( IDENT )? )? SEMICOLON
"type" IDENT SEMICOLON
"value" IDENT SEMICOLON
“formula” IDENT SEMICOLON
"quit" SEMICOLON
"read"” STRING SEMICOLON
"newcontext” ( STRING )? SEMICOLON
SEMICOLON
EOF

declaration:

IDENT ™"

( "TYPE" ( "=" typeExp )?
| typeExp ( "=" valueExp )?
| "FORMULA" valueExp
"AXIOM" valueExp

I
)

typeExp:

typeExpBase "->" typeExp

“(" typeExp ( " typeExp )+ )" "->" typeEXxp
"ARRAY" typeExpBase "OF" typeExp
typeExpBase

typeExpBase:

IDENT
"BOOLEAN"

"INT"

"NAT"

"REAL"

‘[" typeExp ( *" typeExp )+ T
T typeExp "T"



124

Chapter F. Grammar

"[#" IDENT ™" typeExp ( "," IDENT ™" typeExp )* "#]"
"SUBTYPE" "(" valueExp ")"

I
I
| "[* valueExp ".." valueExp "1"
| II(II typeEXp II)II

valueExp:

"LAMBDA" paramList ":" valueExp
| "ARRAY" paramList ":" valueExp
| "FORALL" paramList ™" valueExp
| "EXISTS" paramList ":" valueExp
| valueExp90

vdeclaration:
IDENT (™" typeExp )? "=" valueExp

valueExp90:
"LET" vdeclaration ( "," vdeclaration )* "IN" valueExp90
| valueExp70

valueExp70:
valueExp60 "=>" valueExp70
| valueExp60 ( "<=>" valueExp70 | "XOR" valueExp70 )*

valueExp60:
valueExp50 ( "OR" valueExp60 )*

valueExp50:
valueExp45 ( "AND" valueExp50 )*

valueExp45:
"NOT" valueExp45
| valueExp43

valueExp43:
valueExp40 ( "=" valueExp43 | "/=" valueExp43 )?

valueExp40:
valueExp30
( "<" valueExp40 | "<=" valueExp40 |
">" valueExp40 | ">=" valueExp40 )?
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valueExp30:
valueExp10 ( "+" valueExp30 | "-" valueExp30 )*

valueExp10:
valueExp9 ( "*" valueExp9 | "/" valueExp9 )*

valueExp9:
valueExp8 (

valueExp8 )*

valueExp8:

"+" valueExp5
| "-" valueExp5
| valueExp5

valueExp5:
valueExp3

(
"" ( NUMBER | IDENT )
| "[" valueExp "T"
| "WITH" ( "." ( NUMBER | IDENT ) | "[* valueExp "I" )+
":=" valueExp
)*

valueExp3:
valueExpO ( "(" valueExp ( "," valueExp )* ")" )*

valueExpO:
IDENT
| UNDERSCORE
| NUMBER
| "TRUE"
| "FALSE"
| "(" valueExp ( ",* valueExp )* ")"
| "(#" IDENT ":=" valueExp ( "," IDENT ":=" valueExp )* "#)"
| "IF" valueExp "THEN" valueExp
( "ELSIF" valueExp "THEN" valueExp )*
"ELSE" valueExp "ENDIF"

paramList:
"(" param ( ",)" param )* ")"
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param:
IDENT ( "," IDENT )* ™" typeExp



